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Abstract
Microelectromechanical systems (MEMS) based cantilever beams have been widely used in various
sensing applications. Most of the studies concerning these micro/nano resonators are centered
around uniform cantilever beams. In this thesis, another class of micro-resonators consisting of
non-uniform cantilever beams is investigated. Two classes of beams, one with increasing cross
sectional area from the clamped edge (diverging beam) and other with decreasing cross sectional
area from the clamped edge (converging beam) are studied. Within each class, beams with linear
as well as quartic variation in width are investigated. Firstly, the Euler beam equation for non-
uniform cantilever beams considering large deflection and their corresponding exact mode shapes
from the linear equation are obtained. Subsequently, using the Galerkin method based on single
mode approximation, static and dynamic modal equations for finding pull-in voltage and resonance
frequency as a function of DC voltage, respectively are obtained. The research in this thesis is focused
around investigating different characteristics including the pull-in voltage, resonance frequency at
zero and finite DC voltage, mass sensitivity, size effects, etc. of non-uniform cantilever beams.
The analysis is presented when these microbeams operate in the linear regime about different
static equilibriums. In this thesis, we term this frequency as ‘linear frequency’. Calculation of the
linear frequency is done at different static equilibriums corresponding to different DC voltages. It is
found that linear frequency of converging beams increases with increase in non-uniform parameter
(α) while those of diverging beams decreases with α. A similar trend is observed for pull-in voltage.
Within the converging class, beams with quartic variation in width show significant increase in both
frequency and pull-in voltage as compared to corresponding linearly tapered beams. In quantitative
terms, converging beams with quartic variation in width and α = −0.6 showed an increase in linear
frequency by a factor of 2.5 times, and pull-in voltage by 2 times as compared to commonly used
uniform beams. Our investigation can prove to be a step forward in designing highly sensitive MEMS
sensors and actuators.
Mass sensors are another important MEMS sensors which are widely used in biomedical ap-
plications. For detecting small biomolecules, highly sensitive mass sensors are required. Previous
studies have aimed at increasing the sensitivity of biomass sensors by reducing the size of cantilever
to nanoscale. However, the influence of non-uniform cantilever beam on mass sensitivity has rarely
been investigated. In this thesis, the mass sensitivity of linear and nonlinear response of non-uniform
cantilever beam with linear and quartic variation in width is also analyzed. To do the analysis, the
governing partial differential equation for non-uniform cantilever beam with non-linear curvature
effect is used. Subsequently, we obtain the mode shape with tip mass and linear frequency, following
which nonlinear response using multiple scale method are obtained. Analysis of linear response in-
dicates that the non-dimensional mass sensitivity increases by ten and fifty times corresponding to
first and third mode of a non-uniform converging beam with quartic variation in width. Similarly,
the frequency shift of peak amplitude of nonlinear response for a given non-dimensional tip mass
increases exponentially and decreases quadratically with tapering parameter, α, for diverging and
converging non-uniform beam with quartic variation in width respectively. For the converging beam,
an interesting monotonically decreasing and increasing behavior of mass sensitivity with tapering
parameter α giving an extremum point at α = 0.5 is found. Overall analysis indicates a potential
application of the non-uniform beam with quartic converging width for biomass sensor.
As the dimensions of the beam reduces to micro/nano scales, the size-effects becomes profound.
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These size-effects alters the dynamic characteristics significantly. As a result, for accurate results,
size related effects must be incorporated. However, the continuum theory fails to capture such
effects and as a result non-local theories have been developed which can capture the size-effects.
Modified strain gradient elasticity theory (MSGT) theory comprises of three additional material
length scale parameter to effectively capture the size effect. In this work, beams with fixed-fixed,
simply supported and fixed-free boundary conditions are analyzed using MSGT. Additionally, fre-
quency analysis for beams based on the modified coupled stress theory and classical theory is also
presented by neglecting one or more length scale parameters. Results obtained for various theories
in the present analysis are compared with those available in the literature. To do the above analysis,
Differential Quadrature Method (DQM) is used to solve the equations. Two different techniques in
order to implement various boundary conditions is also discussed. It is shown that the frequencies
based on strain gradient theory are larger as predicted by the modified couples stress theory and the
classical theory when the thickness of the beams becomes comparable to the length scale parame-
ter. When the thickness of beams becomes larger than the length scale parameter, the difference in
frequencies from different theories diminishes. As a result, size effects are smaller for thicker beams
irrespective of the boundary conditions.
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Chapter 1
Introduction
1.1 Motivation
Microelectromechanical systems (MEMS) and nanoelectromechanical systems (NEMS) structures
are extensively used in sensors and actuators for myriad applications in various industries. As
the name indicates these are constituted of electrical as well as mechanical elements which when
combined makes it suitable for application. The electrical aspects includes electrical circuits and
power for various actuation methods; electronics for signal processing and control etc. At the
same time, the mechanical aspects includes the mechanical vibrating elements or mechanisms the
motion of which generates the signal. Fabrication of MEMS devices includes deposition of thin films,
lithography, etching, etc. Finally integration of all these in the form of devices are done. As a result,
this field is inherently interdisciplinary.
MEMS devices has many advantages, one of them is the batch fabrication which reduces the cost
of these devices. Owing to the small size, large scale integration on chips are also possible. MEMS
based devices are used as sensors like inertial sensors (e.g. gyroscopes), pressure, temperature, gas
sensors etc. and actuators like RF switches, micromirrors etc. which are used in the field of medical
science, communication, automobiles, defense and many others.
MEMS based oscillators are one active of research across the world owing to its use in various
applications. Mass sensors uses resonating structures to sense the addition of mass, airbags in
automobiles uses oscillating structures to sense the change the acceleration. Other devices like
temperature sensors, pressure sensors and many others also employs resonating structures. RF
MEMS used in communication industries also uses oscillating components. As a result oscillating
sensors has proved to be the backbone of sensing devices in MEMS. Scientists have also developed
high frequency devices and are exploring new domains such as quantum mechanics. One class of
such oscillating sensors are the resonant sensors in which the structures oscillates at its resonance
frequency. Any external noise in the form of addition of mass, change in temperature, humidity etc.
results in a change of either the mass of the resonating element or the surface stiffness and leads
to a change in its resonance frequency. In the coming subsections the application of these resonant
sensors and their actuation mechanisms are discussed.
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1.1.1 Electrostatically actuated MEMS
There exists different actuation mechanism for MEMS devices including electromagnetic, piezoelec-
tric , electrothermal, electrostatic, etc. Each of these actuation mechanism has its own merit and
is used as per the application. Electrostatic actuation is one of the popular means of actuation in
MEMS industry owing to its low power consumption, fast response time, ease of integration with
CMOS technology and more importantly its compatibility with the existing fabrication methodol-
ogy. In this actuation methodology, electrostatic forces are induced by creating a potential difference
between the electrodes, one of which is the vibrating mechanical element and the other is the fixed
bottom electrode. Since, this method of actuation relies on electric field as a result the vibrating
element should be good conductor of electricity. With an increase in applied voltage, increased
electrostatic forces leads to increased displacement. For application in resonant sensors and other
sensors, an AC voltage is superimposed to a DC bias. While the AC voltage induces vibrations, the
DC voltage is used for frequency tuning as will be explained later. Electrostatic actuation has a
limited operation range called the pull-in voltage. Pull-in voltage is the threshold voltage at which
the attractive forces overcomes the restoring spring forces as shown in Fig. 1.1. On application
of voltage, the electrostatic force tends to attract cantilever towards fixed electrode, however, the
spring force (stiffness) of cantilever resists this force. With further increase in voltage, electrostatic
force dominates and the beam is pulled towards fixed electrode. This voltage at which restoring force
could no longer balance attractive electrostatic force is known as pull-in voltage. Thus, determina-
tion of pull-in voltage is extremely important before designing and operating the device. Another
major advantage of electrostatic actuation is the flexibility to tune the frequency by applying a finite
DC voltage on top of the alternating AC signal. Since, electrostatic forces are softening in nature,
as a result, the frequency of beams reduces under the application of DC voltage.
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Figure 1.1: Schematic diagram showing the effect at pull-in voltage. As can be seen that as the
electrostatic force increase and finally overcomes the spring force, the mechanical element gets pulled-
in towards the fixed bottom electrode. This phenomenon is called pull-in and the voltage at which
pull-in occurs is known as pull-in voltage.
Another important aspect of electrostatic actuation is the fringing field effect. Fringing effect
occurs when the electric field extends the overlapping area of the electrodes. Since the electric field
cannot disappear abruptly outside the overlapping area, as a result they form fringes at the edges
as shown in Fig. 1.2.
Fringing effect increases when the width of the beam becomes comparable to that of the distance
with the bottom electrode.
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Figure 1.2: Schematic diagram showing the direct and fringing effects.
1.1.2 MEMS based mass sensors
As discussed, performance of most of the MEMS and NEMS based resonant sensors and actuators are
dependent on their linear and nonlinear dynamic characteristics near their resonance frequency. To
detect the presence of bio-molecules, cantilever based resonant MEMS mass sensors are extensively
used. The tip of the cantilever is selectively functionalized to capture the target molecule. When
the bio-molecules attaches itself to the cantilever tip, the resonance frequency (by virtue of k or m)
of the beam changes as shown in figure 1.3(a). The measurement of this change in the resonance
frequency is the principle of MEMS based resonant mass sensors. Here, a mass δm attached at the
tip of the cantilever beam with an effective mass meff is related to the resonance frequency f0 and
the shift in the resonance frequency δf0 (due to added mass) as [2]
δm =
2meff
f0
δf0 = R
−1δf0. (1.1)
Here, R is the mass responsitivity and, δm is the minimum detectable mass. A high value of R implies
better sensitivity. Thus, the sensitivity can be improved by increasing the resonance frequency of
the cantilever beam. Another class of MEMS mass sensors operates in the static mode. When the
target molecules attached itself to the tip of the beam, there is an associated change in surface
stress. This change in the surface stress bends the cantilever. The measurement of deflection of the
cantilever tip is the principle of stress based mass sensors. The tip deflection can either be measured
optically using laser diode or electrically using piezoresistors.
The above stated mass sensors can operate only in the linear regime. However, the nonlinear
behavior of the beams can also be used to detect target molecules. During large amplitude oscillation
the frequency response is either of softening type or hardening type due to higher order spring
nonlinearities. In both these cases, the symmetrical bell shaped frequency response obtained in the
linear regime is distorted as can be seen in Figure 1.3(b). At the same time, these nonlinear response
is also characterized by sudden jumps in otherwise continuous response. This sudden jumps in the
response is utilized in the detection of target molecules unlike the shift in frequency (or deflection
changes) as in the linear case. The resonator is operated near one of the critical point A as shown
in Figure 1.3(b). When the target molecules gets attached, the frequency of the beam reduces
3
Figure 1.3: Sensing mechanism of linear and nonlinear mass sensors. Amplitude frequency graph of
(a) linear mass sensor showing the frequency shift due to addition of tip mass, (b) nonlinear response
showing the change in amplitude due to addition of tip mass.
and this results in a sudden increase in amplitude as shown in Figure 1.3(b). The measurement of
the amplitude shift can be done using laser vibrometer and is a principle of mass sensing in this
case. This method of sensing is very sensitive to small quantities which on one hand increases its
sensitivity while on the other exciting the beam at a critical point makes the task difficult as a small
disturbance could lead to erroneous results.
1.1.3 Size-effects in MEMS
When the dimensions of mechanical elements like beams, plates, membranes etc. decreases to micro
or nano scale, the size effects becomes profound and the mechanical characteristics changes signifi-
cantly. This has been backed by both experimental and atomistic simulations. While experiments
are not always convenient to do as it requires laboratory with sophisticated set-ups; atomistic simu-
lations are quite computationally expensive. As a result, development of theoretical model to study
the size-effects for application in MEMS/NEMS is important. The classical beam theory is inher-
ently a scale free theory as a result it fails to capture the size effects. As a result, non-classical
theories like the non-local theory, the modifies coupled stress theory (MCST), the modified strain
gradient elasticity theory (MSGT) etc. have been developed which contains additional length scale
parameters to capture the size related effects.
The non-local theory due to Erigen’s nonlocal elasticity theory states that the stress at a material
point is a function of strains at all other points of the body. It leads to a fourth order partial
differential equation with a nonlocal parameter which consists of a internal characteristic length
(lattice parameter, granular size etc). The modified coupled stress theory (MCST) and the modified
strain gradient elasticity theory (MSGT) are other non-classical theories which comprises of one and
three additional length scale parameters respectively. MSGT is a higher order beam theory which
incorporates higher order bending rigidity to effectively capture the size related effects.
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1.2 Contribution and outline of thesis
The Euler-Bernoulli beam equation for non-uniform beams considering nonlinearities due to curva-
ture effect is derived using Hamilton’s principle. Following which, an analytical method to find the
linear exact mode shape for non-uniform beams is discussed. Using this mode shape, the effect of
non-uniformity (in width) of cantilever beams on both frequency and pull-in voltage under the influ-
ence of DC bias is analysed. Apart from that, potential application of non-uniform beams as MEMS
mass sensors is also explored. An analytical model of non-uniform cantilever beams with tip masses
is developed which is validated by FEM analysis using ABAQUS. The effect of non-uniformity and
the magnitude of tip masses on the linear and nonlinear frequency response is analysed. Finally,
the effect of size related effects on the dynamic characteristics of microbeams is discussed using
the equation of motion governed by modified strain gradient elasticity theory which is solved using
differential quadrature method.
Chapter 1 of this thesis is a comprehensive introduction to different works carried out in this
thesis. Background of the concepts and terminologies used in this work is explained. This includes
an introduction to MEMS and its application in various domains. Following which a discussion on
electrostatically actuated beams is presented including the definition of various terms commonly
used in this thesis. Next, the application of cantilever beams as MEMS mass sensors is discussed
along with the both linear and nonlinear sensing mechanisms. Finally, the nonlocal theories which
incorporates the size-effects in low dimensional beams is discussed.
Chapter 2 starts with a thorough literature survey of the previous work done towards pull-in
voltages of different beams. Following which, the derivation of Euler-Bernoulli beam equation for
non-uniform beams considering nonlinearity is presented. Next, the methodology of obtaining the
exact mode shape for non-uniform beams by transforming the governing equation of non-uniform
beams to that of an equivalent uniform beam is discussed. Next, the static and dynamic equations
using Gelarkin’s method is obtained. Finally, the effect of non-uniformity in width on the pull-in
voltage of electrostatically actuated cantilever beams is discussed. At the same time, the advantage
of non-uniform beams in frequency tuning is also discussed.
In chapter 3, MEMS based mass sensors based on non-uniform beams are investigated. The
effect of both non-uniformity as well as tip masses on the linear and nonlinear behavior is discussed.
The effect of tip masses on linearly tapered beams is also compared to that of other numerical
solutions available in open literature. Additionally, Finite element simulation is also carried out using
ABAQUS to obtain the modal frequencies with and without tip masses to validate the analytical
model. The method of multiple scales (MMS) is used to solve the nonlinear governing equation to
obtain the nonlinear frequency response and to study the effect of tip mass as well as non-uniformity
on the frequency.
In chapter 4, we discuss the size-effects and its effect on the dynamics of micro beams. The
modified strain gradient elasticity theory which comprises of additional length scale parameters
to capture the size-effects is solved using differential quadrature method. The modal frequencies
corresponding to this theory is obtained and compared with the classical continuum theory as well
as other non-classical theories like modified stress gradient theory. The changes in modal frequencies
when non-classical theories are used is discussed for beams with different end conditions.
In the last chapter we present the conclusions of our thesis and a discussion on the future scope
of this thesis.
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Chapter 2
Electrostatically actuated
non-uniform cantilever beams
2.1 Introduction
Electrostatically actuated MEMS cantilever beams form an excellent class of resonator for various
devices. Most of these resonant MEMS/NEMS devices such as mass sensor, temperature sensor,
pressure sensor, etc., [2, 3, 4] operate at resonance frequency of the structure. In order to improve
performance of MEMS devices, tuning of the resonance frequency has caught attention of researchers
in the past [5, 6, 7, 8]. Attempts have been made to tune frequency of cantilever beams by reducing
the dimensions to nano scale [9], using nonlinear effect to soften or harden the system [6, 7, 8, 10]
etc. Therefore, it is vital to compute an accurate resonance frequency of such resonators during
their design phase. Apart from computing resonance frequency, knowledge of pull-in voltage is also
important to achieve stable operating range [6]. A system of cantilever beam separated from the
bottom electrode by a gap d0 forms a parallel plate capacitance system as shown in Fig. 2.1(a).
Researchers in the past have modeled resonators and obtained pull-in parameters by accounting
various effects [11, 12, 13, 14, 15, 16, 17]. However, these models are limited to uniform cantilever
beams. At the same time a few studies are performed for the computation of frequencies of non
uniform cantilever beams as well [19, 20, 21]. Mabie et al [19] and Lau [20] obtained linear frequency
of double tapered beam with tip mass by expressing the mode shape in terms of Bessel functions. In
yet another study, Mabie and Roger [21] analyzed beam with constant width and linearly tapered
thickness using same methodology. At the same time, special cases of tapering were also studied
by William et al [22] on axially loaded beams, Auciello et al [23] by obtaining solution in terms of
Bessel Function, and Wang [24] with the help of hypergeometric functions. For MEMS and NEMS
applications, tapering in width (rather than thickness) is of interest as it is pertinent to microfab-
rication techniques where arbitrary planar geometry (with constant thickness) can be fabricated
with existing methods. In this regard, Mabie et al [21] and Wang [25] numerically integrated the
differential equation corresponding to beam with varying width alone and obtained the frequency for
various taper parameters. Abrate [26] proposed a method to transform the linear governing equation
for special type of nonuniform width to that of a uniform beam by introducing a function. In this
chapter, we focus on non-uniform cantilever beam and investigate the effect of non-uniformity on
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frequency as well as pull-in voltage of non-uniform cantilever based resonators. In present study,
we have used the transformation proposed by Abrate to find mode shape based on linear equation,
however, we use this mode shape to study influence of nonlinear curvature effect due to large DC
voltage on linear frequency of non-uniform cantilever beam using Galerkin approach.
To compute pull-in voltage in MEMS, several authors have worked towards obtaining its closed
form expression. Nathonson et al [11] obtained simplest form of pull-in voltage expression by mod-
eling the cantilever beam as a lumped spring-mass system considering uniform gap. To include
the effect of non-uniform gap between beams due to deflection with respect to fixed electrode,
Pamidighantam et al [12] included the effects of partial electrodes, axial stress, non-linear stiffen-
ing, charge-redistribution, fringing fields etc., to obtain closed form expression for pull-in voltage.
Osterberg et al [13] proposed another closed form expression for pull-in voltage including the cor-
rections based on finite element simulations. Chowdhury et al [27] obtained a closed form model
for calculating the pull in voltage based on capacitance formula given by Mejji and Fokkema [28].
Later, Kalaiarasi et al [29] found that the model obtained by Chowdhury et al [27] is limited to a
range of selective dimensions. Consequently, they proposed closed form models based on different
capacitance models available in literature to calculate pull-in voltage. After validating the models
with Finite Element Analysis (FEA) based software, they concluded that different capacitance mod-
els have to be used for different ranges of beam dimensions. Later Tilman et al [14] used minimum
energy principle to discuss pull in instability of clamped-clamped beam. To include the effect of
large deformation, Chaterjee et al [30] numerically studied variation of pull-in instability for uniform
cantilever beam considering the effect of large deflection. Li et al [31] performed pull-in analysis in
the linear, nonlinear and mixed regime of MEMS fixed-fixed as well as cantilever beams. Based on
their analysis, they concluded that different theories should be used for beams with different configu-
rations and dimensions. A similar study was performed by Rasekh et al [32] to do pull-in analysis of
carbon nanotube based cantilever beams. Rahaeifard et al [33] used modified coupled stress theory
to capture the size effect on pull-in voltage of a nanoscaled beam. Subsequently, Baghani [34] in-
cluded nonlinear geometric effects along with size effect to obtain the pull in voltage. However, most
of the above studies were limited to uniform beams. To capture fringing effect due to non-uniform
shape of the fixed electrode, Cheng et al [35] studied pull-in parameters of rectangular cantilever
torsion actuator due to electrostatic actuation with respect to elliptical, hyperbolic and parabolic
electrodes. Similarly, Lemaire et al [36], Raulli et al [37] and Abdalla et al [38] worked towards
optimizing geometry and studied its effect on pull-in parameters. Najar et al [39, 40] employed
differential quadrature method to study pull-in parameters of beam with varying thickness, width
and distance from the fixed bottom electrode. Another study by Joglekar and Pawaskar [41] focused
on the dynamic and static pull-in analysis of linearly tapered cantilever beams using numerical tech-
nique. Almost all studies concerning non-uniform beams (fixed-fixed and cantilever) have resorted
to using numerical techniques or other transformation methods to find the pull-in voltage. In this
chapter, we present pull-in voltage and frequency analysis of non-uniform cantilever beams with
varying widths and nonlinear curvature effect by using Galerkin method based on the exact mode
shape of linear non-uniform cantilever beam.
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2.2 Analytical modeling: Equation of motion
In this section, we derive governing equation of transverse motion w(x, t) along z direction consid-
ering large deflection for nonuniform cantilever beam under the influence of electrostatic force Qs
as shown in Fig. ??. To derive the equation, we consider a cantilever beam of length L, width b(x),
thickness h, area moment of inertia I(x), density ρ and effective modulus E = E
′
(1−v2) , where E
′ is
the Young’s modulus and v is the Poisson’s ratio.
V
Fixed electrode
L
Beam
d0
w(x,t)
x
z
h u(x,t)
x
b
0
b(x)=b (1+ αx)-0
n
(a) (b)
Figure 2.1: (a) Transverse vibration of a cantilever beam subjected to electrostatic excitation. (b)
Variation of width of a non-uniform cantilever beam with tapering parameter α as b(x) = b0(1+αx)
n,
where, n = 1 and 4 imply beam with linear and quartic taper in width, respectively. Here, α < 0
corresponds to converging beam, α > 0 corresponds to diverging beams and α = 0 implies uniform
beam. Given figure depicts a quartic converging beam with α < 0 and n=4.
2.2.1 Derivation of nonlinear governing equation for non-uniform beams
If u(x, t) is an axial extension under large deflection, then the axial strain ζxx at neutral axis can be
written as [42]
ζxx =
√(
1 +
∂u(x, t)
∂x
)2
+
(
∂w(x, t)
∂x
)2
− 1 (2.1)
and the curvature k as [43]
k =
(
1 +
∂u
∂x
)
∂2w
∂x2
− ∂
2u
∂x2
∂w
∂x
. (2.2)
Writing the kinetic energy KE and bending strain energy Us as
KE =
1
2
∫ L
0
ρA(x){u˙2 + w˙2}dx
Us =
1
2
∫ L
0
EI(x)k2dx.
and then using the virtual work done by external force such that δQ = Qs, we apply Hamilton’s
principle ∫ t2
t1
(δKE − δUs − δQ)dt = 0, (2.3)
to obtain the governing equation. After substituting the energy expression and using an approximate
expression of u′ = −w′2/2 under inextensibility condition, i.e., ζxx = 0, the governing equation with
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non-linear terms upto O(3) for undamped forced vibration can be written as
ρA(x)w¨ − EI(x)(w′′)3 + w′ρA(x)
∫ x
0
(w′w¨′ + ˙(w
′
)2)dx+ w′(EI(x)w′′w′)′′
+(EI(x)w′′)′′ = Qs(t) (2.4)
where, Qs(t) is the electrostatic force considering fringing field effect which is given by [41]
Qs(t) =
1
2
0b(x)(V + v(t))
2
(d0 − w)2
(
1 +
2(d0 − w)
pib(x)
)
. (2.5)
where, 0 = 8.854 × 10−12 F/m is the permittivity of free space, V is DC voltage and v(t) is AC
voltage.
The boundary conditions for non-uniform cantilever beam can be written as
w(0) =
∂w
∂x
|x=0 = 0, ∂
2w
∂x2
|x=L = 0, ∂
∂x
(
EI(x)
∂2w
∂x2
)
|x=L = 0. (2.6)
2.2.2 Non-dimensionalisation
To obtain non-dimensional form of governing equation given by Eqn. (2.4) and boundary conditions
given by Eqn. (2.6), we define following non-dimensional parameters,
x∗ =
x
L
, w∗ =
w
d0
, t∗ =
t
(L2
√
ρA0
EI0
)
, γ =
d0
L
, f1(x) =
EI˜(x)
EI0
, f2(x) =
ρA˜(x)
ρA0
, (2.7)
where, EI(x) = EI0 + EI˜(x) = (1 + f1(x))EI0 and ρA(x) = ρA0 + ρA˜(x) = (1 + f2(x))ρA0, I0
and A0 are the area moment of inertia and cross-sectional area at the fixed end of cantilever beam,
respectively. We substitute nondimensional parameters in Eqns. (2.4) and (2.6) rearrange the terms
to get the equivalent non-dimensional governing equation as (after dropping the superscript ∗ for
convenience)
(1 + f2(x))w¨ + ((1 + f1(x))w
′′
)
′′ − γ2(1 + f1(x))(w′′)3 + γ2(1 + f3(x))w′
∫ x
0
((w˙
′
)2 + w
′
w¨
′
)dx
+γ2w
′ × ((1 + f1(x))w′′w′)′′ − 1
2
0b(x)(V + v(t))
2L
γ3EI0(1− w)2 −
0(V + v(t))
2L2
piγ2EI0(1− w) = 0 (2.8)
and the boundary condition as
w(0) =
∂w
∂x
|x=0 = 0, ∂
2w
∂x2
|x=1 = 0, ∂
∂x
(1 + f1(x))
∂2w
∂x2
|x=1 = 0 (2.9)
In the following section, we obtain exact mode shape from linear undamped equation under free
vibration corresponding to uniform as well as non-uniform beams.
2.2.3 Linear mode shape for non-uniform beams
In this section, we obtain exact mode shape of cantilever beam with uniform as well as linear and
quartic tapering in width. To obtain the mode shape, we consider governing equation under linear,
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undamped and free vibration conditions, thus, neglecting the nonlinear, damping and forcing terms.
After substituting the expressions for f1 and f2 in Eqn. (2.8), the resulting linear equation for
non-uniform beam can be written as
∂2
∂x2
((
EI(x)
)∂2w
∂x2
)
+
EI0
ρA0
(ρA(x))
∂2w
∂t2
= 0. (2.10)
To obtain mode shape, we convert the equation for non-uniform beam into an equivalent governing
equation of uniform beam by following the approach as proposed by Abrate [27]. Taking a function
σ(x) such that v(x) = σ(x)w(x), the equation for uniform beam can be written as
∂4(σw)
∂x4
+
∂2(σw)
∂t2
= 0. (2.11)
Writing the expanded form of Eqns. (2.10) and (2.11) as
(I
′′
w
′′
+ Iw
′′′′
+ 2I
′
w
′′′
) +
I0
A0
A(x)w¨ = 0 (2.12)
and
(σ
′′′′
w + 4σ
′′′
w
′
+ 6σ
′′
w
′′
+ 4σ
′
w
′′′
+ σw
′′′′
) + σw¨ = 0, (2.13)
and then comparing the terms on left hand side of Eqns. (2.12) and (2.13), we get following rela-
tionship
6σ
′′
I ′′
=
4σ
′
2I ′
=
σ
I
=
A0σ
I0A(x)
. (2.14)
Taking σ(x) such that σ
′′′′
and σ
′′′
are either zero or negligible, and satisfying Eqn. (2.14), we
find σ, I(x) and A(x) corresponding to each type of tapered beam, separately. Consequently, for
computed form of σ, I(x) and A(x), Eqn. (2.10) for non-uniform beam and Eqn. (2.11) for uniform
beam with v(x) = σw become equivalent. Based on equivalent uniform beam, the exact mode shape
for Eqn. (2.11) is readily available as [44]
v(x) = A1 sin(λx) +A2 cos(λx) +A3e
λx +A4e
−λx. (2.15)
Finally, mode shape of non-uniform beam with given tapering can be found from the relation
w(x) = v(x)σ(x) on which the boundary conditions as given by Eqn. (2.9) can be applied to find the
constants. For a uniform beam the boundary conditions can be applied to obtain the mode shape
given by
v(x) = σ(x)w(x) = A1[sin(λx)− sinh(λx)− sin(λ) + sinh(λ)
cos(λ) + cosh(λ)
(cos(λx)− cosh(λx))]. (2.16)
In the following section, we apply above concept in computing mode shapes of uniform and
non-unform beams with different types of tapering and mention the frequency equation to obtain
corresponding frequency parameter, λ.
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Frequency equation
• Uniform beams
For uniform cantilever beam, we get σ(x) = 1, A(x) = A0, and I(x) = I0. Consequently,
for v(x) = w(x), mode shape is given by Eqn. (2.16). Using appropriate boundary condi-
tions, value of frequency parameter λ can be numerically obtained by solving the following
transcedental equation
2λ6(2 + eλ cos(λ) + e−λ cos(λ)) = 0. (2.17)
• Beams with linear variation in width
For a non-uniform cantilever beam with linearly tapered width, b(x) = b0(1 + αx), where,
−1 < α < 0 corresponds to converging type and α > 0 corresponds to diverging case. The
area moment of inertia and area can be written as I(x) = I0(1 + αx) and A(x) = A0(1 + αx),
respectively. The corresponding expression of σ can be obtained from Eqn. (2.14) as σ(x) =√
(1 + αx), thus, A(x) = A0σ(x)
2 and I(x) = I0σ(x)
2. Since, the above relationship of σ and
α in case of linearly tapered width is obtained by neglecting higher order differential terms
σ
′′′′
and σ
′′′
, the error associated with such assumptions grows rapidly as |α| > 0.5. For given
boundary condition, frequency parameter λ can be found from the frequency equation
λ2
8(1 + α)4
(
16 cos(λ)eλα4λ4 + 64 cos(λ)e−λαλ4 + 12 cos(λ)e−λα4λ+ 64 cos(λ)eλαλ4
−12 cos(λ)eλα4λ− 48 sin(λ)e−λα2λ3 + 12 sin(λ)e−λα4λ+ 64 cos(λ)e−λα3λ4 + 96
× cos(λ)eλα2λ4 + 16 cos(λ)e−λα4λ4 + 32λ4 − 6α4 + 192α2λ4 + 32α4λ4 + 128α3λ4
+128αλ4 + 64 cos(λ)eλα3λ4 + 48 cos(λ)e−λα2λ3 + 16 cos(λ)e−λα4λ3 + 48α3λ3
×e−λ cos(λ)− 48 cos(λ)eλα2λ3 − 16 cos(λ)eλα4λ3 − 48 cos(λ)eλα3λ3 + 12eλ sin(λ)
×α3λ+ 16e−λαλ3 cos(λ) + 12e−λ sin(λ)α3λ− 16eλ cos(λ)αλ3 + 96 cos(λ)
×e−λα2λ4 − 12eλ cos(λ)α3λ− 16eλαλ3 sin(λ) + 12 cos(λ)e−λα3λ− 16e−λ sin(λ)
×αλ3 + 16eλλ4 cos(λ) + 3eλα4 cos(λ) + e−λ16 cos(λ)λ4 + 3e−λα4 cos(λ)− 48 sin(λ)
×eλα2λ3 + 12 sin(λ)eλα4λ− 48 sin(λ)eλα3λ3 − 48 sin(λ)λ3e−λα3 − 16eλ sin(λ)α4λ3
−16 sin(λ)e−λα4λ3) = 0 (2.18)
Finally, for given λ and σ, mode shape can be obtained from w(x) = v(x)σ(x) , where, v(x) is given
by Eqn. (2.16).
• Beams with quartic variation in width
For a non-uniform cantilever beam with quartic variation in width, we take b(x) = b0(1+αx)
4,
where, −1 < α < 0 corresponds to converging type and α > 0 corresponds to diverging case.
Although, there is no restriction over validity of Eqn. (2.14) in this case, we restrict the value
of α to 0.6 for quartic tapered beam. The area moment of inertia and area can be written as
I(x) = I0(1 + αx)
4 and A(x) = A0(1 + αx)
4, respectively. Corresponding expression of σ can
be obtained from Eqn. (2.14) as σ(x) = (1 + αx)2, thus, A(x) = A0σ(x)
2 and I(x) = I0σ(x)
2.
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Frequency parameter λ can be found from the frequency equation
2λ2
(1 + α)4
(
− 12 sin(λ)e−λα4λ− 4eλ cos(λ)αλ3 − 12eλ sin(λ)α3λ+ 4e−λ cos(λ)αλ3
+24eλ sin(λ)α3λ2 − 12eλ sin(λ)α2λ3 − 24e−λ sin(λ)α3λ2 − 12e−λ sin(λ)α2λ3 + 12eλ
× cos(λ)α4λ− 12eλ cos(λ)α2λ3 + 4eλ cos(λ)αλ4 − 12e−λ cos(λ)α4λ+ 12e−λ cos(λ)
×α2λ3 + 4e−λ cos(λ)αλ4 + eλ cos(λ)α4λ4 + e−λ cos(λ)α4λ4 − 4eλ sin(λ)α4λ3 − 4e−λα4
× sin(λ)λ3 − 4eλ cos(λ)α4λ3 + 4eλ cos(λ)α3λ4 + 4e−λ cos(λ)α4λ3 + 4e−λ cos(λ)α3λ4
+12eλ sin(λ)α4λ2 − 12eλ sin(λ)α3λ3 − 12e−λ sin(λ)α4λ2 − 12e−λ sin(λ)α3λ3 − 12eλ
× cos(λ)α3λ3 + 6eλ cos(λ)α2λ4 + 12e−λ cos(λ)α3λ3 + 6e−λ cos(λ)α2λ4 − 12eλ sin(λ)
×α4λ+ 12eλ cos(λ)α3λ+ 12eλ sin(λ)α2λ2 − 4eλ sin(λ)αλ3 − 12e−λ cos(λ)α3λ− 12e−λ
× sin(λ)α2λ2 − 4e−λ sin(λ)αλ3 + 24α4 − 12α3e−λ sin(λ)λ− 12e−λ cos(λ)α4 + eλ cos(λ)
×λ4 + e−λ cos(λ)λ4 − 12eλ cos(λ)α4 + 8αλ4 + 2α4λ4 + 8α3λ4 + 12α2λ4 + 2λ4)) = 0(2.19)
Like linearly tapered beam, for given λ and σ, the mode shape can be obtained from w(x) =
v(x)
σ(x) , where, v(x) is given by Eqn. (2.16).
2.3 Analytical modeling: Station and dynamic equations
To determine pull-in voltage and frequency at different DC voltages, we first obtain static and
dynamic deflection equations for non-uniform cantilever beams with different tapers. Since the net
transverse deflection, w(x, t), is composed of a static deflection zs(x) due to application of DC bias
and dynamic deflection z(x, t) due to AC voltage, w(x, t) becomes
w(x, t) = zs(x) + z(x, t). (2.20)
Substituting the assumed deflection in nondimensional governing equation as given by Eqn. (2.8)
and setting the time-varying dynamic terms as zero, we obtain equation governing static deflection
as
f
′′
1 z
′′
s + 2f
′
1z
′′′
s + (1 + f1)z
′′′′
s − γ2(1 + f1)(z
′′
s )
3 + γ2z
′
s
(
f
′′
1 z
′′
s z
′
s + 2f
′
1z
′′′
s z
′
s + 2f
′
1(z
′′
s )
2
+(1 + f1)z
′′′′
s z
′
s + 3(1 + f1)z
′′′
s z
′′
s
)
− 1
2
0b(x)V
2L
γ3EI0(1− zs)2 −
0V
2L2
piγ2EI0(1− zs) = 0. (2.21)
Similarly, the dynamic equation is obtained by substituting Eqn.(2.20) in Eqn.(2.8), where, the static
deflection zs is obtained from Eqn.(2.21). Expanding the forcing term about z = 0 and retaining
terms upto first order, we obtain corresponding linear dynamic equation by neglecting the nonlinear
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terms, dissipation terms and forcing terms as
(1 + f2)z¨ + (1 + f1)z
′′′′
+
(
4z
′
sz
′′
f
′
1γ
2 + 3γ2z
′
sf1z
′′′
+ 2γ2z
′
sf
′′
1 z
′
+ 3γ2z
′
f1z
′′′
s
+3γ2z
′
sz
′′′
+ 3γ2z
′
z
′′′
s
)
z
′′
s +
(
(−3γ2f1 − 3γ2)(z′′s )2 + γ2(z
′
s)
2f
′′
1 + 3γ
2z
′
sf1z
′′′
s
+3γ2z
′
sz
′′′
s + f
′′
1
)
z
′′
+
(
2γ2z
′
sf1z
′′′′
s + 4γ
2z
′
sf
′
1z
′′′
s + 2γ
2f
′
1(z
′′
s )
2 + 2γ2z
′
sz
′′′′
s
)
z
′
+
(
γ2f1z
′′′′
+ 2γ2f
′
1z
′′′
+ γ2z
′′′′)
(z
′
s)
2 +
(
γ2
∫ x
0
(
z
′′′
z
′
sf2 + z
′′′
z
′
s
)
dx
)
z
′
s + 2f
′
1z
′′′
−0V
2L
γ2EI0
(
b(x)
γ(1− zs)3 +
L
pi(1− zs)2
)
z = 0 (2.22)
2.3.1 Reduced order model
In order to find reduced order equations, we approximate static and dynamic deflections based on
first transverse mode as z(x, t) = P (t)φ(x) and zs = Aφ(x), respectively, where, φ(x) is mode shape
of non-uniform cantilever beam with different tapering as obtained in previous sections. However, it
is to be noted that for the first flexural mode, static deflection due to applied DC voltage is not very
different from mode shape. As a result, static deflection is assumed in terms of the mode shape.
However, this approximation is valid only for the first resonance mode. At higher modes, shape
of static deflection will no longer be equal to dynamic deflection, i.e., the mode shape. Here, we
carried out further analysis only for first resonance mode. Subsequently, we apply Galerkin method
to reduce static and dynamic equations given by Eqns. (2.21) and (2.22), respectively, to reduced
order form. The reduced form of static equation governing amplitude of static deflection A is given
(∫ 1
0
(
f
′′
1 φ(x)
′′
φ(x) + 2f
′
1φ(x)
′′′
φ(x) + (1 + f1)φ(x)φ(x)
′′′′)
dx
)
A+
(∫ 1
0
(− γ2(1 + f1)
×(φ(x)′′)3φ(x) + γ2(φ(x)′)2f ′′1 φ(x)
′′
φ(x) + γ2φ(x)
′
2f
′
1φ(x)
′′′
φ(x)
′
φ(x) + 2γ2f
′
1(φ(x)
′′
)2
×φ(x)φ(x)′ + (1 + f1)γ2(φ(x)′)2φ(x)′′′′φ(x) + 3(1 + f1)γ2φ(x)′φ(x)φ(x)′′′φ(x)′′
)
dx
)
A3
−1
2
0V
2L
γ3EI0
∫ 1
0
( b(x)φ(x)
(1−Aφ(x))2
)
dx− 0V
2L2
piγ2EI0
∫ 1
0
(
φ(x)
(1−Aφ(x))
)
dx = 0 (2.23)
and the dynamic equation becomes[∫ 1
0
(1 + f2)(φ(x))
2dx
]
P¨ +
[∫ 1
0
[
(1 + f1)φ(x)
′′′′
+
((
4φ(x)
′
φ(x)
′′
f
′
1γ
2 + 3γ2φ(x)
′
×f1φ(x)′′′ + 2γ2φ(x)′f ′′1 φ(x)
′
+ 3γ2φ(x)
′
f1φ(x)
′′′
+ 3γ2φ(x)
′
φ(x)
′′′
+ 3γ2φ(x)
′
×φ(x)′′′
)
φ(x)
′′
+
(
(−3γ2f1 − 3γ2)(φ(x)′′)2 + γ2(φ(x)′)2f ′′1 + 3γ2φ(x)
′
f1φ(x)
′′′
+3γ2φ(x)
′
φ(x)
′′′
+ f
′′
1
)
φ(x)
′′
+
(
γ2
∫ x
0
φ(x)
′′′
φ(x)
′
f2 + φ(x)
′′′
φ(x)
′)
dx
)
φ(x)
′
+((
2γ2φ(x)
′
f1φ(x)
′′′′
+ 4γ2φ(x)
′
f
′
1φ(x)
′′′
+ 2γ2f
′
1(φ(x)
′′
)2 + 2γ2φ(x)
′
φ(x)
′′′′)
φ(x)
′
+
(
γ2f1φ(x)
′′′′
+ 2γ2f
′
1φ(x)
′′′
+ γ2φ(x)
′′′′)
(φ(x)
′
)2
))
A2 + 2f
′
1φ(x)
′′′
−0V
2L
γ2EI0
(
b(x)φ(x)
γ(1−Aφ(x))3 +
L
pi
φ(x)
(1−Aφ(x))2
)]
φ(x)dx
]
P = 0. (2.24)
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In subsequent sections, we obtain pull-in voltage and frequency variation of first transverse mode of
non-uniform beams.
2.3.2 Normal mode frequency
To find frequency of first transverse mode of the system, we re-write Eqn.(2.24) of dynamic deflection
in following form,
MP¨ +KP = 0. (2.25)
Consequently, the frequency ω of oscillating cantilever beam about statically deflected position due
to applied DC voltage is given by
ω =
√
K
M
. (2.26)
On comparing Eqns. (2.24) and (2.25), we get the expression for M and K in terms of amplitude
of static deflection A, DC Voltage V , beam dimensions and properties as
M =
∫ 1
0
(1 + f2)(φ(x))
2dx
and
K =
∫ 1
0
[
(1 + f1)φ(x)
′′′′
+
((
4φ(x)
′
φ(x)
′′
f
′
1γ
2 + 3γ2φ(x)
′
f1φ(x)
′′′
+ 2γ2φ(x)
′
f
′′
1 φ(x)
′
+ 3γ2φ(x)
′
×f1φ(x)′′′ + 3γ2φ(x)′φ(x)′′′ + 3γ2φ(x)′φ(x)′′′
)
φ(x)
′′
+
(
(−3γ2f1 − 3γ2)(φ(x)′′)2 + γ2(φ(x)′)2f ′′1
+3γ2φ(x)
′
f1φ(x)
′′′
+ 3γ2φ(x)
′
φ(x)
′′′
+ f
′′
1
)
φ(x)
′′
+
(
γ2
∫ x
0
φ(x)
′′′
φ(x)
′
f2 + φ(x)
′′′
φ(x)
′)
dx
)
φ(x)
′
+
((
2γ2φ(x)
′
f1φ(x)
′′′′
+ 4γ2φ(x)
′
f
′
1φ(x)
′′′
+ 2γ2f
′
1(φ(x)
′′
)2 + 2γ2φ(x)
′
φ(x)
′′′′)
φ(x)
′
+
(
γ2f1φ(x)
′′′′
+2γ2f
′
1φ(x)
′′′
+ γ2φ(x)
′′′′)
(φ(x)
′
)2
))
A2 + 2f
′
1φ(x)
′′′
−0V
2L
γ2EI0
(
b(x)φ(x)
γ(1−Aφ(x))3 +
L
pi
φ(x)
(1−Aφ(x))2
)]
φ(x)dx.(2.27)
Finally, it is important to note that frequency equation considers nonlinear curvature effect which
becomes important at large static deflection under large DC voltage. Any nonlinearity in the motion
amplitude of AC component, leading to so-called Duffing resonance, is not considered in this work.
2.3.3 Pull-in voltage
Pull-in voltage is the DC voltage at which electrostatic force becomes equal to elastic force. Conse-
quently, static deflection of beam approaches to infinite when the voltage increases beyond pull-in
voltage, i.e., dAdV |V=VPI → ∞ or dVdA |V=VPI = 0. Therefore, in order to obtain pull-in voltage, we
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differentiate the reduced form of static equation given by Eqn.(2.23) with respect to A to get
(∫ 1
0
(
f
′′
1 φ(x)
′′
φ(x) + 2f
′
1φ(x)
′′′
φ(x) + (1 + f1)φ(x)
)
φ(x)
′′′′
dx
)
+ 3
(∫ 1
0
(− γ2(1 + f1)φ(x)
×(φ(x)′′)3 + γ2(φ(x)′)2f ′′1 φ(x)
′′
φ(x) + γ2φ(x)
′
2f
′
1φ(x)
′′′
φ(x)
′
φ(x) + 2γ2φ(x)
′
f
′
1
×(φ(x)′′)2φ(x) + (1 + f1)γ2(φ(x)′)2φ(x)φ(x)′′′′ + 3(1 + f1)γ2φ(x)φ(x)′φ(x)′′φ(x)′′′
)
dx
)
A2
− 0L
γ2EI0
[
V
γ
dV
dA
∫ 1
0
( b(x)φ(x)
(1−Aφ(x))2
)
dx+
V 2
γ
∫ 1
0
( b(x)φ(x)2
(1−Aφ(x))3
)
dx+
2LV
pi
dV
dA
×
∫ 1
0
( φ(x)
(1−Aφ(x))
)
dx+
LV 2
pi
×
∫ 1
0
( φ(x)2
(1−Aφ(x))2
)
dx
]
= 0. (2.28)
After substituting dVdA |V=VPI = 0 for the condition at pull-in, we obtain the following expression of
pull-in voltage
VPI =
[
γ2EI0
0L
S
E
] 1
2
, (2.29)
where,
E =
[
1
γ
∫ 1
0
( b(x)φ(x)2
(1−APIφ(x))3
)
dx+
L
pi
∫ 1
0
( φ(x)2
(1−APIφ(x))2
)
dx
]
and
S =
∫ 1
0
[
f
′′
1 φ(x)
′′
φ(x) + 2f
′
1φ(x)
′′′
φ(x) + (1 + f1)φ(x)φ(x)
′′′′]
dx+ 3A2PI
×
∫ 1
0
[
− γ2(1 + f1)(φ(x)′′)3φ(x) + γ2(φ(x)′)2f ′′1 φ(x)
′′
φ(x) + γ2φ(x)
′
2f
′
1φ(x)
′′′
×φ(x)′φ(x) + 2γ2φ(x)′f ′1(φ(x)
′′
)2φ(x) + (1 + f1)γ
2(φ(x)
′
)2φ(x)
′′′′
φ(x) + 3(1 + f1)×
γ2φ(x)
′
φ(x)φ(x)
′′′
φ(x)
′′]
dx,
where, API is the static deflection at pull-in voltage. Static deflection from Eqn. (2.23) at pull-in
parameters is solved along with Eqn. (2.29) to obtain the pull-in voltage.
2.4 Results and discussion
In this section, we discuss the effect of non-uniformity parameter, α, on above mentioned phe-
nomenon for the uniform beam as well as beams with linear and quartic taper in width. Again, we
mention that α > 0 and −1 < α < 0 correspond to diverging and converging beams, respectively.
The uniform beam corresponds to the case when α = 0. In the first subsection, we first validate the
modal frequencies with those obtained from finite element analysis . Subsequently, we discuss the
effect of taper parameter on linear frequency at zero DC voltage, when nonlinear curvature effect is
negligible for different beams. Next, we use the linear mode of different tapered beams to obtain
pull-in voltage and frequency of non-uniform cantilever beam with nonlinear curvature effects. Fi-
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nally, we compare results with available values in literature for some cases and then discuss about
the importance of tapering.
2.4.1 Numerical modeling using ABAQUS
In order to check the robustness of the presented analysis, modal analysis of beams with different
shapes were performed using finite element based software ABAQUS. The beam geometry was
created using a python script which was capable of creating a solid model of various planar geometry
and different thickness. Eight elements were taken in the direction of thickness to ensure convergence.
The first three frequencies and the mode shape obtained from ABAQUS were then compared with
our analytical model as well as the results obtained by other authors using numerical integration of
the governing equations [15]. The results are in good agreement with both the results obtained from
ABAQUS as well as those available in open literature. The first three mode shapes for different
types of non-uniform beams are shown in Fig. 2.2. In the next section, we tabulate the comparison
of modal frequencies in order to validate our approach.
(a) Uniform beam (b) Linearly tapered beam (c) Quartic tapered beam
Mode 1
Mode 2
Mode 3
0.0 0.5 1.0
Displacement (Non-dimensional)
Figure 2.2: Mode shapes of first three beams for (a) uniform beam, (b) linear tapered beam and (c)
quartic tapered beam obtained from ABAQUS.
2.4.2 Frequency analysis at zero DC voltage
The transcendental Eqns. (2.17), (2.18), and (2.19) corresponding to the uniform beam, beams with
linear tapers and beams with quartic taper respectively, can be solved numerically to obtain reso-
Figure 2.3: Comparison of first three frequencies for beams with linear variation in width for different
α obtained from the presented analytical mode, ABAQUS and that of Mabie [21].
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Figure 2.4: Comparison of first three frequencies for beams with quartic variation in width for
different α obtained from the presented analytical mode and ABAQUS
nance frequencies for different α. These equations can be used to obtain frequencies for higher modes
as well. Fundamental frequencies for all the three cases for various α are tabulated in Tables 2.1 and
2.2, where, α = 0 corresponds to uniform beam. Results for uniform and linearly converging beams
are also compared with that obtained from ABAQUS and those obtained by Mabie et al [15] using
numerical integration without finding the mode shape. As previously mentioned, transformation of
linearly tapered beam into equivalent uniform beam is done with some approximation. The effect of
this approximation can be observed from Table 2.1 as well as Fig. 2.3. However, this transformation
for quartic case is done exactly without any approximation. This can be validated by the excellent
agreement obtained with FEM simulations as presented in Fig. 2.4. By comparing the computed
results with available results, we get percentage errors of 1.5% and 12.5% corresponding to taper
parameter, α, -0.4 and -0.6, respectively. Additionally, we have found that for alpha = −0.5, per-
centage error in computing pull-in voltage from the proposed method is less than 1% or 2% when
compared with FEM or semianalytical solution as mentioned by Joglekar and Pawaskar [41] in Ta-
ble 2.4. Therefore, the approximation considered in non-uniform beam with linear taper in width
gives negligible error when |α| ≤ 0.4, the percentage error for 0.5 ≤ |α| ≤ 0.6 can be assumed to
be less than 12.5%. Thus, the approach adopted in this chapter is validated and can be extended
to compute frequencies of non-uniform beams with different tapering. Figure 2.5 shows variation of
linear frequency with α for both converging and diverging beams with linear and quartic taper in
width. We observe that frequency for diverging beams decreases with an increase in α, while that
of a converging beam increases. For converging beam with quartic taper in width, the frequency
is about 2.5 times greater than that of a uniform beam. The corresponding mode shape can be
obtained for different beams for given values of α as discussed earlier. As a result, application of
non-uniform cantilever beam (in particular beams with quartic variation in width) can prove to be
an excellent means in improving the performance of resonant sensors and actuators which operate
at resonance frequency. In subsequent subsections, we discuss the pull-in voltage and resonance
frequency of various non-uniform beams by including the non-linear curvature effect.
2.4.3 Frequency analysis at finite DC voltage
To study vibration of different types of cantilever beams under the application of DC voltage, we
solve static deflection Eqn.(2.23) at different V to get static deflection A. Using obtained value of
A, we find frequency from Eqn.(2.26) for different values of DC voltage. Figure 2.6 shows variation
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Table 2.1: The non dimensional fundamental frequency of converging (negative α) and diverging
(positive α) beam with linear taper in width.
α Present Mabie et al. [15] ABAQUS
0.0 3.516 3.516 3.529
-0.1 3.628 – 3.642
-0.2 3.747 3.717 3.771
-0.3 3.865 – 3.922
-0.4 3.954 3.892 4.098
-0.5 3.940 – 4.312
-0.6 3.540 4.048 4.578
α Present
0.0 3.516
0.1 3.413
0.2 3.321
0.3 3.237
0.4 3.162
0.5 3.096
0.6 3.036
Table 2.2: The non dimensional frequency of converging (negative α) and diverging (positive α)
beam with quartic tapering in width
α Present ABAQUS
0.0 3.516 3.529
-0.1 3.994 3.902
-0.2 4.587 4.466
-0.3 5.336 5.178
-0.4 6.298 6.240
-0.5 7.558 7.466
-0.6 9.235 9.906
α Frequency
0.0 3.516
0.1 3.124
0.2 2.799
0.3 2.526
0.4 2.294
0.5 2.096
0.6 1.924
of the frequency with applied DC voltage for various types of beams. Frequencies are normalized
with their corresponding frequencies at zero DC voltage. From figure 2.6, we see that increase of DC
voltage causes the system to soften and frequency decreases with an increase in voltage. We know
that geometrical non-linearity has stiffening effect while inertial nonlinearity and linear electrostatic
forces have softening effect. However, overall effect on the dynamics depends on relative strength
of each nonlinearity. In our analysis, we have neglected higher order terms of dynamic deflection in
order to obtain linear frequency at finite DC voltage. With an increase of applied DC voltage, linear
frequency is found to decrease, thus, the system undergoes softening effect due to linear electrostatic
forces. This trend is obtained as the initial gap to beam length ratio (γ) is less than 0.3 where
the stiffening effect of geometrical nonlinearity is minimal. For γ > 0.3 and higher DC voltage, the
combined effect of geometrical nonlinearity and nonlinear electrostatic force with higher order terms
becomes inevitable [32]. While this study considers geometrical nonlinearity in analysis, the higher
order nonlinear terms of electrostatic forces are neglected.
2.4.4 Pull-in analysis
To obtain pull-in voltage for different tapered beams by following the approach as explained earlier,
we first validate our model for pull-in voltage of a uniform beam with five different results from the
literature as mentioned in Table 2.3. Taking dimensions and material properties for each case as: (1)
L = 20000 µm, b = 5000 µm, h = 57 µm, d0 = 92 µm, E
′ = 155.8 GPa, v = 0.06; (2) L = 20000 µm,
b = 5000 µm, h = 57 µm, d0 = 92 µm, E
′ = 155.8 GPa, v = 0.06; (3) L = 100 µm, b = 50 µm,
h = 3 µm, d0 = 1 µm, E
′ = 169 GPa, v = 0.06; (4) and (5) L = 300 µm, b = 50 µm, h = 1 µm,
d0 = 2.5 µm, E
′ = 77 GPa, v = 0.33, computed results from the developed model are found to be
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Figure 2.5: Effect of taper parameter (α) on the linear frequency for various cases of tapering
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in good agreement with available results. To compare the accuracy of non-uniform beam, when α
is non-zero, we take few cases of converging beam with linear variation in width and compare the
results with that of Joglekar and Pawaskar [41] in Table 2.4. The dimensions and material properties
for case (1) and (2) are taken as L = 200 µm, b = 40 µm, h = 1 µm, d0 = 2 µm, E
′ = 169 GPa,
v = 0.06, and that of (3) and (4) are taken as L = 100 µm, b = 15 µm, h = 1µm, d0 = 2 µm,
E′ = 169 GPa, v = 0.06. On comparing the pull-in voltage of linearly tapered beam for α = −0.25
Table 2.3: Comparison of the pull-in voltage of uniform cantilever beam with existing literature
Sample
Number
VPull−in
(V)
(Present
model)
VPull−in
(V)
(Reference)
Reported By
(method)
1 65.19 68.5
Hu et al [45]
(experimental)
2 65.19 66.78
Chaterjee & Pohit [30]
(numerical)
3 37.15 37.84
Chowdhury et al [27]
(numerical)
4 2.23 2.27
Chowdhury et al [27]
(numerical)
5 2.23 2.29
Joglekar & Pawaskar [41]
(analytical)
Table 2.4: Comparison of pull-in voltage of converging beam with linearly tapered width with
existing literature
Sample
Number
α
Pull-in voltage
by present
model (V)
Pull-in voltage
by Joglekar and
Pawaskar [41] (V)
1 -0.25 5.45 5.59 (analytical)
2 -0.25 5.45 5.61(FEA)
3 -0.5 24.74 24.26(analytical)
4 -0.5 24.74 24.68(FEA)
and −0.5 obtained from the present method with the results from Joglekar and Pawaskar [41] in
Table 2.4, we get percentage error of about 2%. Although nonlinear curvature effect is neglected in
their models, it may be insignificant for the given geometry. Now, we extend the analysis to different
types of tapered beams. Figure 2.7(a) shows pull-in voltage with different taper parameters (α) for
beams with linear and quartic variation in width. The dimensions and material properties for each
case are taken as L = 200 µm, b = 40 µm, h = 1 µm, d0 = 2 µm, E
′ = 168.39 GPa, v = 0.06.
Figure 3.6(b) shows comparison of percentage difference in computing the pull-in voltage with and
without fringing field effects of different non-uniform beams at different taper parameters. For a
quartic tapered beam with taper parameter of α = −0.6, we get a maximum percentage difference
of about 7%. From our analysis, we find that for a converging beam, the pull-in voltage increases
with an increase in α, while for diverging beam, it decreases. This trend was expected because of the
changes in stiffness of converging and diverging beam with α. Similar changes were also observed
in case of linear frequency in previous section. The linear frequency for diverging beam decreases
with an increase in α which implies that stiffness effect (or spring force) decreases. As a result, at
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a lower voltage, electrostatic forces balance the spring force, and then the pull-in occurs. While in
case of converging beam, frequency (or stiffness) is more, and as a result a higher voltage is needed
for electrostatic forces to overcome the spring force offered by cantilever beam. Consequently, we see
that pull-in voltage increases by more than 100% in case of converging beam with quartic tapering
as compared to uniform beam. Thus, employing a cantilever beam with quartic variation in width
gives us a larger voltage threshold which is about 2 times as that of a widely used uniform beam for
the operation of MEMS devices.
2.5 Conclusions
In this chapter, we have developed theoretical model for computing the frequency as well as pull-
in voltage of non-uniform cantilever beam with nonlinear curvature effects. The non-uniformity
considered in this chapter is for the cantilever beams with linear and quartic tapering in width. To
develop this model, we first obtained the exact mode shape from linear equation for beams with
different non-uniformities. Subsequently, we apply the Galerkin method based on single mode shape
to find the formulation for pull-in voltage and frequency from corresponding static and dynamic
equations respectively. From our analysis, we have observed that linear frequency can be increased
by more than 2.5 times, whereas, pull-in voltage can also be increased by 2 times simply by varying
the order of tapering in the quartic tapered beam. Such findings can be utilized not just to increase
the sensitivity of cantilever based devices, but it also increases the operating range of bias voltage.
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Chapter 3
Mass sensors based on non-uniform
beams
3.1 Introduction
Microelectromechanical systems (MEMS) and nanoelectromechanical systems (NEMS) components
are an integral part of many resonant sensors and actuators in the domains of biomedical [46, 47],
automobiles [48], communication [49] etc. as already discussed in Chapter 1. Most of the biomass
sensors use either uniform cantilever beam or uniform clamped-clamped beam as a sensing element.
Since, the sensitivity of a typical cantilever biomass sensor is directly proportional to the resonance
frequency and the quality factor, there have been various efforts in increasing the stiffness by reducing
the size of beam to nanoscale [47] and increasing the quality factor by modifying the design [46]. It
has also been noticed that the performance of mass sensor can be improved by utilizing the nonlinear
dynamics of uniform cantilever beam with tip mass [50, 51]. In this chapter, we investigate the non-
uniform variation of the width of a cantilever beam with added mass on its linear and nonlinear
frequency response.
There have been several studies associated with the linear and nonlinear vibrations of uniform
beams [50, 52, 53] as well as non-uniform beams [54, 55, 56]. Mabie and Roger [54] studied the
vibrations of cantilever beams with linearly tapered thickness by obtaining the solution in terms of
known Bessel functions and linearly tapered width using numerical integration. At the same time
double tapered cantilever beams have been studied by Mabie et al [55] and Lau [56] with tip mass,
again by obtaining the mode shape in terms of known Bessel functions. Additionally, beam with
special cases of tapering have been studied by obtaining the solution in terms of the Bessel Function
by Auciello et. al [22], and hypergeometric functions by Wang [58]. William et. al [59] has studied
the influence of symmetrically linear and parabolic tapered sections on the resonance frequency of
axially loaded beams. Abrate [26] solved the linear governing equation for special type of non-
uniform width which can be transformed into equivalent equation of uniform beam. However, his
study neglected the nonlinear effect. Recently, Wang [60] has numerically obtained the frequency of
a tapered cantilever beam of constant thickness and linearly tapered width. A close examination of
the above studies reveal that many of these studies include the investigation of the linear frequency
of beam with tapered thickness [54], beam with both linearly tapered thickness and width [55, 56],
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etc. However, the studies related with the linear frequency of a beam with varying width are limited
[26, 54, 60], perhaps, due to the difficulties in obtaining the exact form of the solution in this case.
Moreover, the nonlinear curvature effect is also neglected in [26, 54, 60].
To improve the performance of cantilever based mass sensor, Kacem et al [51] have studied
the performance of a mass sensor based on nonlinear dynamics. Ouakad and Younis [53] studied
the nonlinear response of clamped-clamped and cantilever carbon nanotube considering geometrical
non-linearities. Kim et al [50] dealt with a cantilever based mass sensor with added mass consider-
ing both geometrical as well as inertial nonlinearities. There are several other studies [61, 62, 63]
which are related with the nonlinear dynamics of uniform cantilever beam. To study the nonlinear
response of non-uniform beam, Jaber et al [64] presented the non-linear vibration of double tapered
cantilever beam with elastically restrained end to investigate the effect of tapering on the nonlinear
behavior at the first, second and third modes. Katsikadelis et al [65] studied the non-linear dynam-
ics of beam with variable stiffness and non-linear boundary conditions using the analog equation
method. Karimpour et al [66] studied the nonlinear dynamics of non-uniform beam with doubly
tapered section using energy balance method and harmonic balance method. Most of the above
studies are associated with either double tapering along the width and thickness or tapering along
the thickness. Clementi et al. [67] performed nonlinear dynamical studies of non-uniform simply-
supported beam subjected to axial and transverse loading. Moreover, these studies employ linearly
tapered section without considering the tip mass. In this analysis, we deal with the non-linear dy-
namics of non-uniform cantilever having linear and quartic tapered width with tip mass. Moreover,
the study related with variability in width is important due to possible constraints in fabricating
microcantilever beam with double tapered section or a section with tapered thickness.
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0
n
(a) (b)
m
Q(t)
m
Figure 3.1: (a) Transverse vibration and axial stretching of a cantilever beam under uniformly
distributed load. (b) The beam geometry used in our analysis. α=0 corresponds to a uniform beam,
α > 0 corresponds to diverging beam and α < 0 corresponds to converging beams. Furthermore, n
= 1 implies beam with linear variation in width and n = 4 implies beam with quartic variation in
width.
3.2 Analytical modeling: Equation of motion
To develop the analytical model, we use the nonlinear Euler beam equation governing the transverse
vibration of a non-uniform cantilever beam with sinusoidal forcing given by [68].
ρA(x)w¨ − EI(x)(w′′)3 + w′ρA(x)
∫ x
0
(w′w¨′ + ˙(w
′
)2)dx+ w′(EI(x)w′′w′)′′
+(EI(x)w′′)′′ + cw˙ = Q(t) (3.1)
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where, c is the viscous damping coefficient, Q(t) = F sin(Ωt) is the uniformly applied load as shown
in Fig. 3.1 and over-dots and over-dash refers to differentiation with respect to time and space
respectively. Using the non-dimensional parameters
x∗ =
x
L
, w∗ =
w
L
, t∗ =
t
(L2
√
ρA0
EI0
)
, f1(x) =
EI˜(x)
EI0
, f2(x) =
ρA˜(x)
ρA0
, (3.2)
such that EI(x) = EI0 + EI˜(x) = (1 + f1(x))EI0, ρA(x) = ρA0 + ρA˜(x) = (1 + f2(x))ρA0, where,
I0 and A0 are the area moment of inertia and cross sectional area at the fixed end of the cantilever
beam respectively, we get the equivalent non-dimensional governing equation as (after dropping ∗
for convenience)
(1 + f2(x))w¨ + ((1 + f1(x))w
′′
)
′′ − (1 + f1(x))(w′′)3 + (1 + f2(x))w′ ×∫ x
0
((w˙
′
)2 + w
′
w¨
′
)dx+ c1w˙ + w
′
((1 + f1(x))w
′′
w
′
)
′′ − L
3F
EI0
sin(Ωt) = 0. (3.3)
The corresponding boundary conditions with added tip mass can be written as
w(0, t) =
∂w(x, t)
∂x
∣∣∣∣∣
x=0
= 0,
∂2w(x, t)
∂x2
∣∣∣∣∣
x=1
= 0,
∂
∂x
(
1 + f1(x)
∂2w(x, t)
∂x2
)∣∣∣∣∣
x=1
= µ
∂2w(1, t)
∂t2
(3.4)
where, µ = mρA0L , m is the added tip mass and c1 =
cL2√
ρA0EI0
.
3.2.1 Mode shape and boundary conditions
In this section, we find the linear mode shape for different beams as done in Chapter 2. We repeat
the technique for easy reference. To find the linear undamped mode shape, we remove the nonlinear
and damping terms of Eqn. (3.3) to obtain the linear governing equation for transverse vibrations,
wnu, of non-uniform beams. Since, the exact analytical solution of the resulting equation for a beam
with tapered width is difficult to obtain, we introduce a function σ(x) and convert equation for non-
uniform equation to an equivalent equation for a uniform beam in terms of wu = σwnu as described in
[26, 68]. By equating the coefficients of non-uniform and uniform equations, we find the expression
of σ(x), where, the higher derivative terms of σ such as σ
′′′′
, σ
′′′
, are either zero or negligible.
We use the single mode approximation as wu(x, t) = φu(x)η(t) and wnu(x, t) = φnu(x)η(t), where
φu and φnu are the mode shapes for uniform and non-uniform beams, respectively to obtain the
resulting equation. The solution of this equation gives the mode shape which is solved with boundary
condition from Eqn. (3.4) to obtain the modal frequencies and mode shapes for different types of
beams. For a uniform beam, (σ(x) = 1) the mode shape after applying the boundary conditions is
φu(x) = A1
[
Λ
(
(2 cos(λ) cosh(λ)λµ+ cos(λ) sinh(λ) + sin(λ) cosh(λ)) sin(λx)
+(2 cos(λ) sinh(λ)λµ+ 1 + cos(λ) cosh(λ) + sinh(λ) sin(λ)) cosh(λx)
−(2 cos(λ) cosh(λ)λµ+ cos(λ) sinh(λ) + sin(λ))
× cosh(λ) sinh(λx)
)
+ cos(λx)
]
(3.5)
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where, Λ =
[
−sin(λ)
(
2λµ cosh(λ)+sinh(λ)
)
+cos(λ) cosh(λ)+1
]−1
and µ is the tip mass parameter.
The mode shape is dependent on the tip mass µ. The value of constant A1 can be found by
normalizing the mode shape using the relation
∫ 1
0
φ2dx = 1.
Using similar methodology, we obtain the mode shape for non-uniform beams which effectively
becomes φnu =
φu(x)
σ(x) , where, σ(x) is a function which captures the non-uniform effect in mode shape
[68]. For a beam with linear variation in width, σ(x) =
√
1 + αx and for quartic variation in width,
σ(x) = (1 + αx)2. The boundary conditions given in Eqn. (3.4) are applied on the mode shape
φnu(x) to obtain the corresponding frequency equations. Subsequently, the frequency equation is
solved numerically to obtain the different frequencies of the beams.
3.2.2 Frequency equation
• Uniform beams For uniform cantilever beam, we get σ(x) = 1, A(x) = A0, and I(x) = I0.
Consequently, for v(x) = w(x) the mode shape is given by Eqn. (3.5). Using the appropriate
boundary conditions, the value of frequency parameter λ can be obtained by numerically
solving the following transcendental equation for a given value of added tip mass parameter µ
2λ6(eλ cos(λ)λµ− eλ sin(λ)λµ− eλ cos(λ)λµ− e−λ sin(λ)λµ+ 2 + eλ cos(λ)
+e−λ cos(λ)) = 0. (3.6)
• Beams with linear variation in width
For a tapered cantilever beam with linearly tapered width b(x) = b0(1+αx), the area moment
of inertia and area can be written as I(x) = I0(1 + αx) and A(x) = A0(1 + αx), respectively.
The corresponding expression of σ can be obtained from Eqn. (2.14) as σ(x) =
√
(1 + αx),
thus, A(x) = A0σ(x)
2 and I(x) = I0σ(x)
2. The frequency parameter λ can be found from the
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frequency equation
λ2
8(1 + α)4
(
16 cos(λ)eλα4λ4 + 64 cos(λ)e−λαλ4 + 12 cos(λ)e−λα4λ+ 64 cos(λ)eλαλ4
−12 cos(λ)eλα4λ− 48 sin(λ)e−λα2λ3 + 12 sin(λ)e−λα4λ+ 32α3λ4µ+ 64α2λ4µ
+48 cos(λ)eλαλ5µ+ 16 cos(λ)eλα3λ5µ+ 64 cos(λ)e−λα3λ4 + 96 cos(λ)eλα2λ4
+16 cos(λ)e−λα4λ4 + 32λ4 − 6α4 + 192α2λ4 + 32α4λ4 + 128α3λ4 + 128αλ4
+64 cos(λ)eλα3λ4 + 48 cos(λ)e−λα2λ3 + 16 cos(λ)e−λα4λ3 + 48 cos(λ)e−λα3λ3
−48 cos(λ)eλα2λ3 − 16 cos(λ)eλα4λ3 − 48 cos(λ)eλα3λ3 + 12eλ sin(λ)α3λ+ 16e−λ
× cos(λ)αλ3 + 12e−λ sin(λ)α3λ− 16eλλ5µ sin(λ)− 16e−λ sin(λ)λ5µ− 16eλ cos(λ)
×αλ3 + 96 cos(λ)e−λα2λ4 + 16eλ cos(λ)λ5µ− 16e−λ cos(λ)λ5µ− 12eλ cos(λ)α3λ
−16eλαλ3 sin(λ) + 12e−λ cos(λ)α3λ− 16e−λ sin(λ)αλ3 − 48e−λαλ5µ sin(λ) + 32α
×λ4µ+ 16eλ cos(λ)λ4 + 3eλ cos(λ)α4 + 16e−λ cos(λ)λ4 + 3e−λα4 cos(λ)− 48
× sin(λ)eλα2λ3 + 12 sin(λ)eλα4λ− 48 sin(λ)eλα3λ3 − 48 sin(λ)e−λα3λ3 − 16 sin(λ)
×eλα4λ3 − 16 sin(λ)e−λα4λ3 − 48eλαλ5µ sin(λ)− 48 cos(λ)e−λαλ5µ− 32 cos(λ)
×e−λα2λ4µ− 32eλα2µλ4 cos(λ)− 48 cos(λ)e−λα2λ5µ− 16 cos(λ)e−λα3λ4µ
+48eλα2λ5µ cos(λ)− 16 cos(λ)eλα3λ4µ− 48 sin(λ)e−λα2λ5µ− 16e−λαλ4µ
× cos(λ)− 16eλ cos(λ)αλ4µ− 16 sin(λ)e−λα3λ5µ− 16eλα3λ5µ sin(λ)
−48 sin(λ)eλα2λ5µ− 16 cos(λ)e−λα3λ5µ) = 0 (3.7)
Finally, for given λ and σ, the mode shape can be obtained from w(x) = v(x)σ(x) , where, v(x) is
given by Eqn. (2.15).
• Beams with quartic variation in width
For a taperd cantilever beam with nonlinearly tapered width b(x) = b0(1 + αx)
4, the area
moment of inertia and area can be written as I(x) = I0(1 + αx)
4 and A(x) = A0(1 + αx)
4,
respectively. The corresponding expression of σ can be obtained from Eqn. (2.14) as σ(x) =
(1+αx)2, thus, A(x) = A0σ(x)
2 and I(x) = I0σ(x)
2. The frequency parameter λ can be found
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from the frequency equation
2λ2
(1 + α)5
(
2α5λ4 + 10αλ4 + 10α4λ4 + 20α3λ4 + 20α2λ4 + 24α5 + 2λ4 − 12 cos(λ)e−λα5
−12 cos(λ)e−λα5 − 24 sin(λ)e−λα4λ+ 36e−λα3λ2 sin(λ)− 16 sin(λ)e−λα2λ3 − 24 sin(λ)
×e−λα4λ− 36 sin(λ)e−λα3λ2 − 16 sin(λ)e−λα2λ3 + 24 cos(λ)e−λα4λ− 16 cos(λ)e−λ
×α2λ3 + 5 cos(λ)e−λαλ4 − 24 cos(λ)e−λα4λ+ 16 cos(λ)e−λα2λ3 + 5 cos(λ)e−λαλ4
−4 cos(λ)e−λα5λ3 + 5 cos(λ)e−λα4λ4 + 4 cos(λ)e−λα5λ3 + 5 cos(λ)e−λα4λ4 + 12
× sin(λ)e−λα5λ2 − 16 sin(λ)e−λα4λ3 − 12 sin(λ)e−λα5λ2 − 16 sin(λ)e−λα4λ3 − 16
× cos(λ)e−λα4λ3 + 10 cos(λ)e−λα3λ4 + 16 cos(λ)e−λα4λ3 + 10 cos(λ)e−λα3λ4 − 12
× sin(λ)e−λα5λ+ 36α4λ2e−λ sin(λ)− 24 sin(λ)e−λα3λ3 − 12 sin(λ)e−λα5λ− 36
× sin(λ)α4λ2e−λ − 24 sin(λ)e−λα3λ3 + 12 cos(λ)e−λα5λ− 24 cos(λ)e−λα3λ3 + 10
× cos(λ)e−λα2λ4 − 12 cos(λ)e−λα5λ+ 24 cos(λ)e−λα3λ3 + 10e−λ cos(λ)α2λ4 − 12
×e−λ sin(λ)α3λ+ 4e−λ cos(λ)αλ3 − 12e−λ sin(λ)α3λ+ cos(λ)e−λα5λ4 + cos(λ)
×e−λα5λ4 − 4 sin(λ)e−λα5λ3 − 4 sin(λ)e−λα5λ3 − e−λ sin(λ)λ5µ− e−λ sin(λ)λ5µ
−4e−λ cos(λ)αλ3 − 12e−λ cos(λ)α4 + e−λ cos(λ)λ4 − 12e−λ cos(λ)α4 + e−λ cos(λ)λ4
+ cos(λ)e−λαλ5µ− sin(λ)e−λαλ5µ− sin(λ)e−λαλ5µ+ 24α4 − cos(λ)e−λαλ5µ
+e−λ cos(λ)λ5µ− e−λλ5µ cos(λ) + 12e−λ cos(λ)α3λ+ 12e−λ sin(λ)α2λ2 − 4e−λ
× sin(λ)αλ3 − 12e−λ cos(λ)α3λ− 12e−λα2 sin(λ)λ2 − 4e−λ sin(λ)αλ3 − 4e−λ cos(λ)
×αλ4µ− 4e−λ cos(λ)αλ4µ+ 8αλ4µ ) = 0
(3.8)
Like linearly tapered beam, for given λ and σ, the mode shape can be obtained from w(x) =
v(x)
σ(x) , where, v(x) is given by Eqn. (2.15).
3.3 Analytical modeling: Nonlinear response
In this section we develop an analytical model to determine the nonlinear frequency response curve
for different beams. The method of multiple scales is used to solve the resulting nonlinear equation.
3.3.1 Modal dynamic equation
After obtaining the mode shapes corresponding to different tapered beams, we obtain the modal
dynamic equation from Eqn. (3.3) to analyse the tapering effect on the nonlinear frequency response.
To obtain the equation, we approximate the transverse deflection w(x, t) by a single mode as w(x, t) =
φ(x)η(t), where φ(x) are the linear undamped mode shape and η(t) time dependent variable. After
substituting assumed solution, w, in Eqn. (3.3) and then applying the Gelarkin method, we get the
following form of generalized modal dynamic equation
η¨ + S1η + S2η
3 + S3η
2η¨ + S4ηη˙
2 + S5η˙ + S6 sin(Ωt) = 0, (3.9)
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where, S1, S2, S3, S4, S5, S6 are the constants given by
S0 =
∫ 1
0
(1 + f2(x))φ(x)
2dx
S1 =
1
S0
∫ 1
0
φ(x)
(
f1(x)
′′
φ(x)
′′
+ 2f1(x)
′
φ(x)
′′′
+ (1 + f1(x))φ(x)
′′′′
)
dx
S2 =
1
S0
∫ 1
0
(
φ(x)φ(x)
′(
f1(x)
′′
φ(x)
′′
φ(x)
′
+ 2f1(x)
′
φ(x)
′′′
φ(x)
′
+ 2f1(x)
′
(φ(x)
′′
)2 + (1 + f1(x))φ(x)
′′′′
φ(x)
′
+ (3 + 3f1(x))φ(x)
′′′
φ(x)
′′)− (1 + f1(x)(φ(x)′′)3φ(x))dx
S3 =
1
S0
∫ 1
0
(1 + f2(x))φ(x)φ(x)
′ ∫ x
0
(φ(x)
′
)2dx
S4 =
1
S0
∫ 1
0
(1 + f2(x))φ(x)φ(x)
′ ∫ x
0
(φ(x)
′
)2dx
S5 =
1
S0
∫ 1
0
ω
Qf
φ(x)2dx
S6 = − 1S0
∫ 1
0
L3
EI0
φ(x)dx.
The above coefficients changes with the tip mass quantity, µ and the non-uniformity of the can-
tilever beam which is captured by f1(x) =
EI˜(x)
EI0
and f2(x) =
ρA˜(x)
ρA0
. The values of these coefficients
are tabulated in Appendix for different tapered beam under given tip mass.
3.3.2 Modulation equation using MMS
In this section, we apply the method of multiple scales [62] to do the nonlinear dynamic analysis of
the non-uniform cantilever beam with tip mass. To do the analysis, we first rescale the nonlinear
terms in nonlinear modal equation given by Eqn. (3.3) with small quantity . The resulting dynamic
equation with weak nonlinearity can be written as
η¨ + S1η + S2η
3 + +S3η
2η¨ + S4ηη˙
2 + S5η˙ + S6 sin(Ωt) = 0. (3.10)
To obtain the modulation equation, we approximate the solution using multiple time scales T0 = t
and T1 = t as η = η1(T0, T1) + 
1η2(T0, T1), where, η¨ =
(
D20 + 2D0D1
)
η; η˙ =
(
D0 + D1
)
η.
Substituting the approximate solution in the governing equation given by Eqn. (3.9) and comparing
the coefficient of 0 and 1, we get the following two equations
O(0) : D20η1 + ω2η1 = 0, (3.11)
O(1) : D20η2 + ω2η2 = −
(
2D0D1η1 + S2η
3 + S3η
2(D20η)
+S4η1(D0η1)
2 + S5D0η + S6 sin(Ωt)
)
, (3.12)
where, Dji =
∂j
∂T ji
, ω2 = S1. Assuming the solution of Eqn. (3.11) of the form
η1 = A(T1)e
(ιωT0) +A(T1)e
(−ιωT0) (3.13)
28
and then substituting it in Eqn. (3.12) with Ω = ω+ σ, where, σ is the detuning parameter, we get
D20η2 + ω
2η2 =
(
S3A(T1)
3ω2 + S4A(T1)
3ω2 − S2A(T1)3
)(
e(iωT0)
)3
+
(
− 2iA˙(T1)ω − 3S3A(T1)2A(T1) + 3S3A(T1)2A(T1)ω2
−S4A(T1)2A(T1)ω2 − iS5A(T1)ω + 1
2
iS6e
iσT1
)
eiωT0 + cc, (3.14)
where, cc represents the complex conjugate part of the equation. To get the converged solution, we
eliminate the secular terms from Eqn. (3.14) which gives complex modulation equation as(
− 2iA˙(T1)ω − 3S3A(T1)2A(T1) + 3S3A(T1)2A(T1)ω2
−S4A(T1)2A(T1)ω2 − iS5A(T1)ω + 1
2
iS6e
iσT1
)
= 0. (3.15)
To obtain the real and autonomous form of Eqn. (3.15), we substitute A(T1) =
1
2a(T1)e
iωφ(T1) in
Eqn. (3.15) and then equate the real and imaginary parts, separately. Taking θ = σT1 − φ and
θ˙ = dθdT1 , we get the following modulation equations
aθ˙ = σ +
3
8
ωS3a
3 − 1
8
ωS4a
3 − 3
8ω
S2a
3 − 1
2ω
S6 sin(θ) (3.16)
a˙ = −1
2
S5a+
1
2ω
S6 cos(θ). (3.17)
The above equations can be solved to obtain nonlinear response using continuation software, MAT-
CONT.
3.4 Results and discussion
In this section, we present the effect of mass sensitivity on the linear and nonlinear frequency response
of uniform as well as non-uniform cantilever beam. We first discuss about the changes associated
with linear frequency due to tapering at different tip mass and then the corresponding nonlinear
effect. It is important to note that the linear and nonlinear analysis are presented in non-dimensional
quantities. Hence, the results can be generalized for cantilever beam with any real dimensions.
3.4.1 Mass effect on linear frequency
In this section, we discuss the effect of added mass and the non-uniformity parameter on the linear
frequency of different types of cantilever beams. Utilizing the mode shapes obtained in the previous
section for various non-uniform cantilever beams, we determine the eigenvalues by solving the corre-
sponding frequency equation. Additionally, we also obtain the modal frequencies for different beams
by finite element analysis using ABAQUS. Subsequently, we present the first three linear frequencies
of various beams and compared them with the existing references. Finally, we analyze the mass
sensitivity of the tapered beam with respect to the uniform beam. Following the same procedure as
explained in Chapter 2, modal frequencies for different beams with tip mass at the end are obtained
using ABAQUS. These frequencies are compared with the presented model and is found to be in
excellent agreement. In the subsequent sections, the frequencies with different tip masses at the end
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are tabulated and compared.
1. Uniform beam For uniform beam, the mode shape and the associated boundary conditions are
given by Eqns. (3.5) and (3.4), respectively. We then solve the transcedental equation given
by Eqn. (3.6) for various non-dimensional tip mass, µ, to determine the non-dimensional linear
frequency of the beam. The first, second and third modes are mentioned in Table 3.1. We
also compare the fundamental frequency for various tip mass with existing results obtained by
Kim et al [50]. The results are found to be in good agreement. Thus, the approach adopted in
this analysis is validated and can be extended to compute frequencies of non-uniform beams
with different tapering.
Table 3.1: The nondimensional fundamental frequency of uniform beam with added mass.
µ Mode Present Kim et al. [7] ABAQUS
0.0 1 3.5160 3.516 3.5292
2 22.0345 - 22.0637
3 61.6972 - 61.8717
0.1 1 2.9678 2.968 -
2 19.3558 - -
3 55.5183 - -
0.2 1 2.6127 2.613 2.6189
2 18.2078 - 18.081
3 53.5586 - 51.7742
0.3 1 2.3597 2.356 -
2 17.5756 - -
3 52.6156 - -
0.4 1 2.1679 2.168 -
2 17.1763 - -
3 52.0632 - -
2. Beams with linear variation in width
In this case, we consider two types of linearly tapered beams in our analysis. First, we consider
the linearly diverging beam, where, α is positive, and the other is linearly converging beam,
where, α is negative. The schematic diagram of such geometry can be seen in Fig. ??. For
a linearly tapered beam, solving the transcendental equation given by Eqn. (3.7), we obtain
the non-dimensional linear frequency and the corresponding mode shape for various tip mass
parameter, µ, as well as the tapered parameter α. Tables 3.2 list the first three non-dimensional
frequencies of a linearly tapered beam for different α without (µ = 0.0) and with (µ = 0.2)
added tip mass. Tables 3.3, 3.4 lists the first three frequencies for α = ±0.2and ± 0.4 for
different µ. The computed frequencies are also compared with the frequency obtained by
Mabie et. al [54], who obtained the results using numerical integration without finding any
exact mode shape and with finite element simulations using ABAQUS. Figure 3.2 presents a
comparative graph for linear and quartic beams with tip masses obtained using the presented
method and ABAQUS.
Figure 3.3(a) and (b) show the variation of the natural frequency with the tapered parameter,
α, for different µ. For a diverging beam, the frequency decreases with increasing tapering,
however, for a converging beam the frequency increases upto a certain α and then it starts de-
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Table 3.2: The nondimensional frequency for beam with linear variation in width. (Left) When
there is no tip mass i.e. µ = 0. (Right) When tip mass µ = 0.2.
α Mode
Present
Model
ABAQUS Ref. [10] α Mode
Present
Model
ABAQUS Ref. [10]
0
1 3.516 3.529 3.516
0
1 2.613 2.619 2.613
2 22.035 22.063 22.035 2 18.208 18.081 18.208
3 61.697 61.872 61.700 3 53.559 51.7749 53.550
-0.1
1 3.628 3.642 -
-0.1
1 2.641 2.647 -
2 22.258 22.230 - 2 18.213 18.094 -
3 61.915 62.082 - 3 53.451 51.999 -
-0.2
1 3.747 3.771 3.717
-0.2
1 2.662 2.677 2.720
2 22.523 22.516 22.415 2 18.228 18.102 18.348
3 62.180 62.280 62.060 3 53.354 52.146 53.580
-0.3
1 3.865 3.922 -
-0.3
1 2.667 2.708 -
2 22.835 22.791 - 2 18.260 18.102 -
3 62.504 62.536 - 3 53.275 52.228 -
-0.4
1 3.954 4.098 3.892
-0.4
1 2.633 2.740 2.810
2 23.207 23.105 22.743 2 18.314 18.095 18.451
3 62.910 62.811 62.390 3 53.227 52.255 53.580
-0.5
1 3.940 4.312 -
-0.5
1 2.506 2.772 -
2 23.645 23.487 - 2 18.402 18.077 -
3 63.429 63.172 - 3 53.231 52.232 -
-0.6
1 3.5400 4.578 4.049
-0.6
1 2.114 2.805 2.886
2 24.129 23.967 23.030 2 18.542 18.046 18.530
3 64.101 63.653 62.680 3 53.329 52.158 53.570
creasing. For a diverging beam, the shift in the natural frequency for a cantilever beam without
added mass (µ = 0) and with added mass gradually reduces with increasing α. However for a
converging beam, this shift increases with α, even though, the frequency decreases after cer-
tain α. On comparing the non-dimensional frequency shift, ∆f , subjected to non-dimensional
tip mass, µ, we obtain the non-dimensional mass sensitivity S = ∆f/µ. On comparing the
variation of mass sensitivity, S, for linearly converging and diverging tapered beam as shown
in Fig. (3.4)(a), we found that S increase for converging beam, but it decreases for diverging
beam. Hence, a converging beam is a suitable design for an effective mass sensor.
3. Beams with quartic variation in width
To check the suitability of non-linearly varying non-uniform beam, we take quartic polynomial
for the variation of width. Like linear case, we take both, the diverging beam (positive α) as well
as converging beams (negative α). To find the non-dimensional frequency and the mode shape,
we solve the transcendental equation given by Eqn. (3.8) corresponding to different α and non-
dimensional tip mass, µ. Tables 3.5 mentions the first three non-dimensional frequencies for
different α at µ = 0.0 and µ = 0.2. Table 3.6 and 3.7 lists the first three frequencies for
α = ±0.2 and α = ±0.4 at different µ. Figures 3.3(c) and (d) show the variation of the natural
frequency with non-uniform parameter (α) for different µ. Additionally, Fig. 3.5 presents a
comparative graph for linear and quartic beams with tip masses obtained using the presented
method and ABAQUS.
For a diverging beam, the frequency decreases with an increase in α, while for a converging
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Table 3.3: The frequency of converging beam (α = −0.2 and α = −0.4) with linear variation in
width.
µ Mode Present Ref. [10]
0.0 1 3.7475 3.7168
2 22.5225 22.415
3 62.1796 62.06
0.2 1 2.6621 2.7202
2 18.2282 18.348
3 53.3539 53.58
0.4 1 2.1729 2.2440
2 17.2344 17.312
3 52.0000 52.13
0.6 1 1.8809 1.9527
2 16.7964 16.844
3 51.4600 51.54
0.8 1 1.6816 1.7517
2 16.5500 16.576
3 51.1701 51.21
µ Mode Present Ref. [10]
0.0 1 3.9542 3.8923
2 23.2068 22.743
3 62.9099 62.39
0.2 1 2.6329 2.8100
2 18.3137 18.451
3 53.2266 53.58
0.4 1 2.1060 2.3061
2 17.3891 17.414
3 52.0544 52.17
0.6 1 1.8052 2.0017
2 17.0016 16.951
3 51.6045 51.60
0.8 1 1.6047 1.7924
2 16.7888 16.690
3 51.3669 51.29
Table 3.4: The frequency of diverging beam (α = 0.2 and α = 0.4) with linear variation in width.
α = 0.2 µ Mode Freq.
0.0 1 3.3205
2 21.6746
3 61.3568
0.2 1 2.5523
2 18.2185
3 18.2185
0.4 1 2.1471
2 17.1679
3 52.1812
0.6 1 1.8881
2 16.6637
3 51.4948
0.8 1 1.7046
2 16.3680
3 51.1148
α = 0.4 µ Mode Freq.
0.0 1 3.1626
2 21.3998
3 61.1044
0.2 1 2.4963
2 18.2446
3 54.0184
0.4 1 2.1248
2 17.1866
3 52.3258
0.6 1 1.8809
2 16.6605
3 51.5796
0.8 1 1.7051
2 16.3461
3 51.1605
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Table 3.5: The nondimensional frequency for beam with quartic variation in width. (Left) When
there is no tip mass i.e. µ = 0. (Right) When tip mass µ = 0.2.
α Mode
Present
Model
ABAQUS α Mode
Present
Model
ABAQUS
0
1 3.516 3.529
0
1 2.613 2.619
2 22.0345 22.064 2 18.208 18.081
3 61.697 61.872 3 53.559 51.774
-0.1
1 3.994 3.902
-0.1
1 2.717 2.714
2 22.925 22.374 2 18.200 18.094
3 62.569 61.147 3 53.160 52.072
-0.2
1 4.587 4.466
-0.2
1 2.780 2.768
2 23.960 23.330 2 18.197 18.091
3 63.620 62.006 3 52.898 52.204
-0.3
1 5.336 5.178
-0.3
1 2.787 2.767
2 25.194 24.468 2 18.242 18.112
3 64.914 63.088 3 52.835 52.247
-0.4
1 6.298 6.240
-0.4
1 2.726 2.699
2 26.709 26.504 2 18.382 18.214
3 66.554 66.081 3 53.022 52.394
-0.5
1 7.558 7.466
-0.5
1 2.591 2.560
2 28.651 28.364 2 18.655 18.439
3 68.715 68.066 3 53.491 52.748
-0.6
1 9.235 9.096
-0.6
1 2.380 2.349
2 31.282 30.901 2 19.084 18.808
3 71.728 70.902 3 54.271 53.338
beam it increases with an increase in the magnitude of α. For a diverging beam, the shift
in the frequency for a cantilever beam without added mass (µ = 0) and with added mass
gradually reduces with increasing non-uniform parameter. However, for a converging beam,
this shift increases sharply with the nonuniform parameter. Consequently, we found that the
non-dimensional mass sensitivity, S, drastically increases by an order of magnitude higher as
compared to that for uniform beam when α varies from 0 to 0.6 as shown in Fig. (3.4)(a).
Moreover, we have also found from Fig. (3.4)(b) that S increases by around 5 times, if the
non-uniform beam with quartic tapering at tapering ratio α = 0.6 operates in its 5th mode.
This makes a converging beam with nonlinear tapering, here, quartic variation, a better and
suitable design for an effective mass sensor as compared to beam with linearly tapered width.
Now, we investigate the influence of tapering parameter on the non-linear response under
different tip masses.
3.4.2 Mass effect on non-linear frequency
In this section, we present the effect the non-uniform parameter and the tip mass on the non-linear
frequency response of various types of cantilever beams. To do the nonlinear analysis, we first
validate the solution of modulation equation with the numerical solution of the parent equation
given by Eqn. (3.10) in the following section.
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Table 3.6: The frequency of converging beam (α = −0.2 and α = −0.4) with quartic variation in
width.
α = −0.2 µ Mode Frequency
0.0 1 4.5877
2 23.9601
3 63.6203
0.2 1 2.7796
2 18.1968
3 52.8975
0.4 1 2.1695
2 17.3885
3 51.9706
0.6 1 1.8391
2 17.0694
3 51.6293
0.8 1 1.6245
2 16.8987
3 51.4520
α = −0.4 µ Mode Frequency
0.0 1 6.2980
2 26.7090
3 66.5539
0.2 1 2.7257
2 18.3821
3 53.0215
0.4 1 2.018
2 17.9269
3 52.6062
0.6 1 1.6746
2 17.7655
3 52.4631
0.8 1 1.4623
2 17.6830
3 52.3906
Table 3.7: The frequency of diverging beam (α = 0.2 and α = 0.4) with quartic variation in width.
α = 0.2 µ Mode Frequency
0.0 1 2.7993
2 20.5644
3 60.3289
0.2 1 2.3414
2 18.1209
3 54.4955
0.4 1 2.0517
2 17.0953
3 52.6543
0.6 1 1.8478
2 16.5345
3 51.7674
0.8 1 1.6945
2 16.1814
3 51.2473
α = 0.4 µ Mode Frequency
0.0 1 2.2943
2 19.3823
3 59.3020
0.2 1 2.0539
2 17.8439
3 55.2865
0.4 1 1.8754
2 16.9797
3 53.4432
0.6 1 1.7363
2 16.4284
3 52.4000
0.8 1 1.6241
2 16.0465
3 51.7317
34
Figure 3.2: Comparison of first three frequencies for beams (µ = 0.2)with linear variation in width
for different α obtained from the presented analytical mode, ABAQUS and that of Mabie [21].
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Figure 3.3: The variation of nondimensional fundamental frequency with the tapering parameter
α and tip mass µ for (a) diverging beam with linear tapering, (b) converging beam with linear
tapering, (c) diverging beam with quartic tapering, and (d) converging beam with quartic tapering.
Numerical validation
In order to ensure that the approximate solution can be used effectively to study the various nonlinear
effects, we first validate the results obtained from MMS with the numerical results. We solve the
evolution equation given by Eqns. (3.16) and (3.17) in MATCONT for the values of coefficients as
given in Table 1 in Appendix B. Subsequently, we solve the governing equation Eqn. (3.9) using the
Runge-Kutta method to obtain the nonlinear response. Figure 3.6 shows the comparative results for
uniform beam, converging beam with linear variation and converging beam with quartic variation in
width. The results show that the modulation equation can be used to do further analysis of tapered
beam.
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Figure 3.4: (a) Variation of non-dimensional mass sensitivity with tapering ratio for different types
of tapering; (b) Variation of non-dimensional mass sensitivity versus mode number for uniform,
α = 0, and non-uniform beam with quartic converging cross-section where, α = −0.3 and α = −0.6.
Figure 3.5: Comparison of first three frequencies for beams (µ = 0.2) with quartic variation in width
for different α obtained from the presented analytical mode and ABAQUS
Uniform beam
In this section, we plot the non-linear frequency response for a uniform beam as shown in Fig.
3.7. Figure 3.7(a) shows the response for various forcing. As the forcing is increased, the amplitude
increases and the system becomes more of softening type. Figure 3.7(b) shows the frequency response
for µ = 0, 0.05, 0.1. It shows that the response amplitude increases with an increase in added mass.
At the same time, the system tends to be of softening type as the mass is increased which leads to
shift in the frequency corresponding to the peak value. Hence, we can define the non-dimensional
mass sensitivity in this case as the ratio of frequency shift corresponding to the peak to the non-
dimensional tip mass. Now, we discuss the tapering effect of non-uniform beam in the following
section.
Beams with linear variation in width
Figure 3.8 show the effect of added mass on the nonlinear response of a linearly diverging beam under
the external force F = 0.01. Figures 3.8(a) and (b) show the graphs for three values of µ = 0, 0.05
and 0.1 when α = 0.1 and 0.3, respectively. The analysis of graphs show that the peak amplitude as
well as its corresponding frequency shift increases as the non-dimensional tip mass, µ, increases for a
given non-uniform factor α. For a given change in tip mass of 0.1, we have found that the change in
non-dimensional frequency ∆f increases linearly with non-uniform factor α as ∆f = 0.04|α|+0.025.
36
1.03
0.99 1 1.01
Ω/ω 
0.99 1 1.01
0
0.2
0.3
0.4
0.5
Ω/ω 
0.98 1 1.01
Ω/ω 
MMS (Stable) MMS (Unstable) Num Sol. (Stable) Num Sol. (Unstable)
(a) (b)
0
0.1
0.3
0.4
0.2
0.3
0.2
0.1
0
0.99
(c)
      b(x)=(1-0.3x) 
4
b0
a
0.1
a
 b=b0
a
      b(x)=(1-0.1x) b0
Figure 3.6: Numerical and approximate solution for (a) uniform beam, (b) converging beam with
linear tapering, and (c) converging beam with quartic tapering.
0. 8
a
0. 2
0. 6
0.98 1 1. 01
f=0.2
a
0. 2
0. 4
0. 6
µ=0
µ=0.05
µ=0.1
0.98 1 1. 020.96
Ω ω/
0
0.99 1. 02
0. 4
f=0.15
0
f=0.1
Ω ω/
(a) (b)
Figure 3.7: Non-linear frequency response of a uniform beam with varying (a) forcing and (b) added
mass.
It gives a change of about 0.02 when the non-uniform factor, α, changes from 0.1 to 0.6 as shown in
Figure 3.8(c). The relative change in amplitude is found to be very small. Moreover, an analysis of
the coefficients of non-linear equation in Appendix B shows that the inertial nonlinearity does not
change significantly with tip mass but geometrical nonlinearity reduces remarkably. At the same
time, with increase in tapering parameter, the inertial nonlinearity decreases marginally and the
geometrical nonlinearity decreases significantly. Consequently, the increase in taper parameter leads
to more nonlinear softening of the system.
Similarly, Figures 3.9(a) and (b) show the effect of mass on the nonlinear response of converging
beam with negative α, i.e., -0.1 and -0.3, under the external force F = 0.01, for α = 0.1 and 0.3. From
the nonlinear response curve, we see that for a converging beam the change in response amplitude as
well as the softening effect are less than those of the diverging beam. Unlike the case with diverging
beam, we observed that the change in non-dimensional frequency ∆f in this case decreases linearly
with increase in non-uniform parameter |α| as ∆f = −0.04|α| + 0.027 as shown in Figure 3.9(c).
However, the level of change is found to be around 0.02 which is same as that in diverging beam.
Based on the corresponding values of coefficients as mentioned in Table 1, we observed that the
inertial nonlinearity depends weakly on the added mass while the geometrical nonlinearity depends
strongly on it. Additionally, we found that the inertial nonlinearity increases (marginally) while the
geometrical nonlinearity increases significantly with increase in tapering parameter. Consequently,
due to increase in nonlinear stiffness, the nonlinear softening effect reduces. Hence, the frequency
shift corresponding to the peak amplitude decreases as the non-uniform parameter increases in the
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Figure 3.9: Effect of added mass on the nonlinear frequency response of a converging beam with
linear variation in width for different taper parameter (a) α = −0.1, F = 0.01 and (b) α = −0.3,
F = 0.01. Variation of peak frequency shift ∆f versus absolute value of α when µ changes from 0
to 0.1.
case of converging beam.
Beams with quartic variation in width
Figures 3.10(a) and (b) show the effect of added mass on the nonlinear response of a diverging beam
with quartic polynomial for three values of µ = 0, 0.05 and 0.1 corresponding to the forcing of
F = 0.01. Like previous cases, for a given tapering, the response amplitude increases marginally
with increase in added mass. However, as the taper parameter increases, the shift in non-dimensional
frequency ∆f corresponding to the response peak increases by a change of 0.6 as α changes from
0.1 to 0.6 when µ changes from 0 to 0.1 as shown in Figure 3.10(c). The variation of ∆f versus α
is found to be exponential increasing function as ∆f = 0.027 exp (5.25|α|). The change in frequency
is found to be around 30 times more than that of linearly diverging beam. From Appendix B, it is
found that the inertial nonlinearity does not change significantly with tip mass but the geometrical
nonlinearity changes significantly as compared to the corresponding nonlinearities in linearly tapered
beam. With increase in tapering, the inertial nonlinearity decreases marginally while geometrical
nonlinearity decreases significantly. Consequently, it led to the conclusion that increase in taper
parameter increases the softening effect of the system as compared to that of linearly tapered beam
under the same forcing.
For a converging beam with negative α, Figures 3.11(a) and (b) show the effect of mass on
the nonlinear response of beam with α = −0.3 and −0.6 under external forcing of F = 0.1. As
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already stated from the analysis in Chapter 2, the non-dimensional linear frequency increases with
increase in non-uniform parameter for a converging beam as shown in Fig.3.3(d). As a result, the
non-dimensional damping increases with an increase in α. Consequently, the response amplitude
become very low as the damping increases. In order to obtain the nonlinear response, the forcing is
increased 10 times for α = 0.3 and α = 0.6. However, with increased forcing the trend in the peak
amplitude for the beams was same as that at low forcing for the corresponding linearly converging
beams. From the response curves shown in Figs. 3.11(a) and (b), we see that even at increased
forcing the peak response amplitude decreases when α changes from 0.3 to 0.6, when µ changes
from 0 to 0.1 as was observed for linearly converging beams. Corresponding to the same change in
µ from 0 to 0.1, the non-dimensional frequency shift ∆f first decreases as α increases from 0.1 to
0.5 and then starts to increase as α increases beyond 0.6 due to corresponding changes in geometric
non-linearity. Consequently, there exist a minimum point at around α = 0.5. Thus, by varying the
tapering ratio of converging beam with quartic variation in width, the variable mass sensitivity can
be obtained.
Finally, we state that we have analyzed the mass sensitivity based on the linear and nonlinear
response of uniform and non-uniform cantilever beam with different types of tapering. We have
noticed that both linear frequency as well as nonlinear frequency response show higher degree of
mass sensitivity for non-uniform converging beam with quartic variation in width at α = −0.6.
The analysis presented in the chapter can form the basis for future design of non-uniform cantilever
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beams in the development of many sensors and actuators.
3.5 Conclusions
In this chapter, we have presented the mass sensitivity of uniform and non-uniform beam with
different tapered conditions. To do the analysis, we first derive the nonlinear partial differential
equation for non-uniform beam with nonlinear curvature effect. Afterwards, we obtain the exact
form of the mode shape for uniform and nonuniform beam with linear and quartic variation width
of beam. After obtaining the exact mode shape, we first obtain the linear frequency of different
types of beam for different modes. Subsequently using the mode shapes, we derive the nonlinear
modal dynamic equation. Finally, we obtain the modulation equation using the method of multiple
scale, which is solved using MATCONT. On analysing the influence of tip mass µ as well as tapering
parameter, α, on the linear frequency and nonlinear frequency response, we found that the converging
tapered beam with quartic variation in width can be used to increase the mass sensitivity remarkably.
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Chapter 4
Size-effects on micro-beams
4.1 Introduction
MEMS/NEMS based sensors and actuators widely uses micro/nano beams and plates as the sensing
element. The mechanical properties of the beams and plates constitutes the working principles of
these sensors and actuators. Owing to the small sizes of these beams, the size-dependent effects
greatly influences the dynamic characteristics [72, 73, 74]. As a result, for improved and accurate
performance it is vital to capture the size effect associated with these low dimensional beams. The
continuum theory fails to capture this size effect on micro structures due to the absence of any
material length scale parameter in the governing equation. In order to overcome this, non-classical
continuum theories like nonlocal theory [75], modified coupled stress theory (MCST) [76], modified
strain gradient elasticity theory (MSGT)[77] etc. have been proposed which contains one or more
additional material length scale parameter to capture the size effects. The nonlocal and the modified
coupled stress theories incorporate an additional length scale parameter while the modified strain
gradient elasticity theory incorporates three additional length scale parameters to capture the size
effects. These non-classical models recover the classical model when the additional length scale
parameter is set to zero as will be shown in subsequent sections.
Nonlocal elasticity theory based on Eringen and Edelen [75] has been used for vibrational prob-
lems. Reddy [91] studied the characteristics of different beams by reformulating the governing equa-
tion based on nonlocal theory. Murmu and Pradhan [92] studied vibration response of non-uniform
cantilever beams using the nonlocal theory. Janghornan [93] studied the vibration characteristics of
tapered nanowires with simply supported as well as clamped boundary conditions on both the ends
again using the nonlocal Euler theory. Danesh et al [94] studied the small scale effect of tapered
nano rods using the nonlocal elasticity theory. Chang [95] and Simsek [96] studied the vibrational
characteristics of nonuniform as well as non-homgenous nano rods using the nonlocal elasticity the-
ory. Jang et al [97] carried out the static analysis of beams with different end conditions as well as
columns, membranes and plates. Kaisy et al [98] studied the longitudinal vibrations of non-uniform
nano rods.
The modified coupled stress theory has also been used to study the static and dynamic behavior
of microbeams. Yang et al presented the modified couple stress approach for vibrational analysis
[76]. It comprises of an additional internal material length scale parameter. Park et al [99] studied
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the characteristics of cantilever beams using the MCST. Akgoz and Omar [100] again used the MCST
to study the dynamic problems of non-uniform cantilever beams. Ma et al [101] used the MCTS to
study the vibrational characteristics of Timoshenko beam. Salamat et al [102] also used the modified
strain gradient theory to analyze functionally graded beams with simply supported end conditions.
Lam et al proposed the modified strain gradient elasticity theory which uses an additional equation
pertaining to equilibrium of moments of couples in addition to the classical equilibrium equation
of moments and forces to govern the behavior of higher order stresses [77, 103]. Kong et al [104]
used the MSGT to study the static and dynamic characteristics of cantilever beams. Their analysis
incorporated three additional material length scale parameters to capture the size effect. However,
their analysis is limited to cantilever beams. Since, the closed form solution of these equations are
difficult to obtain under different boundary conditions, we employ Differential Quadrature Method
(DQM) to solve equations based on the above theories.
DQM proposed by Bellman et al [78] is an efficient method to solve differential equations using
just a few grid points. The pioneering work in the application of DQM was to solve structural
problems [79, 80, 81, 82, 83, 84, 85]. However, since then it is being used to solve a variety of problems
[86, 87, 88, 89, 90]. Researchers in the past have used DQM to solve vibrational problems associated
with different mechanical elements such as beams, plates, rods, shells, tanks, etc. DQM has also
been used for vibrational analysis of beams and rods based on nonlocal theory [92, 93, 94, 95, 97, 98].
In this paper, we present the vibrational analysis of beams based on the modified strain gradient
elasticity theory using the approach as proposed by Kong et al [104]. Their derivation however
mis-calculated the coefficient which was later corrected by Akgoz and Civalek [105] and the value of
the length scale parameter which was later corrected by Amir [106]. Thus, the analysis based on the
modified strain gradient elasticity theory requires re-look through different methods. Additionally,
the previous analysis is found to be mainly limited to cantilever beams. In this work, we correct
all these anomalies and extend the analysis for clamped and simply supported beams. We use the
DQ method with two different techniques for implementing different boundary conditions. We show
that the implementation of DQM is simple, accurate and fast. We start with a discussion on DQM,
followed by the formulation of governing equation using DQM. Lastly, the first three frequencies for
all types of beams based on different theories are compared and the change in frequencies due to
the effective capturing of size-dependent effects are discussed.
4.1.1 Differential Quadrature Method (DQM)
The DQM is a numerical method which reduces the partial differential equations into algebraic
equations. The central idea behind DQM is to approximate the spatial derivative of a function at a
point with weighted linear combination of the functional value at all other points in the domain as
shown mathematically in Eqns. (4.1) and (4.2) as
dnf(x)
dxn
∣∣∣∣∣
x=xi
≈
N∑
j=1
Cnijf(xj) i = 1, 2...N (4.1)
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or,
dn
dxn

f(x1)
f(x2)
...
f(xN−1)
f(xN )

≈ [Cnij ]

f(x1)
f(x2)
...
f(xN−1)
f(xN )

i, j = 1, 2, 3 . . . N (4.2)
where, f(xi) is the functional value at the i
th sampling point of the total N points, [Cnij ] is the
weighing coefficient matrix of the nth order differential equation. It reduces the PDE into a set
of algebraic equations. The number of such algebraic equation depends on the number of sample
points taken. Here, domain is discritized into N sampling points using the Chebyshev-Gauss-Lobatto
distribution given by
Xi =
1
2
[
1− cos
( i− 1
N − 1pi
)]
, i = 1, 2 . . . , N. (4.3)
The weighing coefficient matrix can now be generated using the sampling distribution as mentioned
above using the following relations
C1ij =
L1(xi)
(xi − xj)L1(xj) , i, j = 1, 2, . . . N, i 6= j,
C1ii = −
N∑
j=1,j 6=i
C1ij , i, j = 1, 2, . . . N, i = j, (4.4)
where, L1 is the first derivative of Lagrange interpolating polynomials at the sampling points given
by
L1(xi) =
N∏
k=1,k 6=i
(
xi − xk
)
, i = 1, 2, . . . , N. (4.5)
The corresponding weighted coefficient matrices for higher order derivatives can be obtained using
the relation
Cnij = n
(
Cn−1ij C
1
ij −
Cn−1ij
xi − xj
)
, i, j = 1, 2, . . . , N, i 6= j, n = 2, 3, . . . , N − 1,
Cnii = −
N∑
j=1,j 6=i
Cnij , i, j = 1, 2, . . . N, i = j, n = 2, 3, . . . , N − 1. (4.6)
At the same time, the correct implementation of boundary conditions is vital in order to successfully
implement DQ method. Different techniques have been proposed to incorporate different boundary
conditions. In our analysis we use the δ-technique [77] to solve vibrational problems with clamped-
free (CF) boundary conditions and the SBCGE technique [91] for clamped-clamped (CC) and simply
supported (SS) boundary conditions. In the subsequent sections, we will discuss the formulation
and the implementation of boundary conditions in detail
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4.2 Formulation
In this section, we re-write the governing equation of motion and the associated boundary conditions
of the Euler-Bernoulli beams with different end conditions based on the strain gradient elasticity
theory as done by Kong et al [104]. Subsequently, we write the governing equations and the boundary
conditions in its equivalent discretized form using DQM. The terms comprising of spatial derivative
is replaced with its equivalent weighted coefficient as discussed earlier. We start with the governing
equation in the differential form followed by the boundary conditions.
4.2.1 Governing equation based on non-classical theory
The governing equations based on the modified strain gradient theory is derived using the Hamilton’s
principle. The strain energy based on MSGT can be written as [104, 105]
U =
1
2
∫ L
0
[S(w2)2 +K(w3)2]dx (4.7)
and the kinetic energy can be written as
T =
1
2
∫ L
0
ρA
(∂w
∂t
)2
dx, (4.8)
where,
S = EI + 2µAl20 +
8
15
µAl21 + µAl
2
2,
K = I(2µl20 +
4
5
µl21),
wn =
∂nw
∂xn
, w¨ =
∂2w
∂t2
. (4.9)
Here, I, A and µ are the moment of inertia, area and the shear modulus, respectively, and l0, l1 and
l2 are the material parameters. Using the Hamilton’s principle, we take the variation of the energies
as
δ
[∫ t2
t1
(T − U)dt
]
= 0. (4.10)
The corresponding expressions of δU and δT are [35]
δU =
∫ L
0
[
Sw4 −Kw6
]
δwdx+
[
− Sw3 +Kw5
]
δw
∣∣∣L
0
+
[
Sw2 −Kw4
]
δw
′
∣∣∣L
0
+Kw3δw
′′
∣∣∣L
0
(4.11)
and
δT = −
∫ L
0
ρAw¨δwdx. (4.12)
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Using Eqn. (4.11) and (4.12) in Eqn. (4.10), we obtain the governing equation of the beam under
free vibration as
Sw4 −Kw6 + ρAw¨ = 0 (4.13)
with following boundary conditions
[
V (L)− Sw3(L) +Kw5(L)]δw(L)− [V (0)− Sw3(0) +Kw5(0)]δw(0) = 0[
M(L) + Sw2(L)−Kw4(L)]δw′(L)− [M(0) + Sw′′(0)−Kw4(0)]δw′(0) = 0[
Mh(L) +Kw3(L)
]
δw
′′
(L)− [Mh(0) +Kw3(0)]δw′′(0) = 0. (4.14)
It is to be noted that when the two material parameters vanish, i.e., l0 = l1 = 0, then the governing
equation reduces to that of modified couple stress theory as
(EI + µAl22)w
4 + ρAw¨ = 0.
When all the material parameters vanish, i.e., l0 = l1 = l2 = 0, then the governing equation reduces
to that of classical theory as
(EI)w4 + ρAw¨ = 0.
Approximating the deflection w(x, t) as w(x, t) = w0(x)e
ιωt, the governing equation (4.13) reduces
to the form
Sw40 −Kw60 − ρAω2w0 = 0. (4.15)
Using the DQM, Eqn. (4.15) is re-written as
S
N∑
j=1
C4ijwj −K
N∑
j=1
C6ijwj − ρAω2wi = 0, i = 1, 2 . . . N (4.16)
4.2.2 Length scale parameter
As already pointed out in earlier sections that MCST comprises of an additional length scale pa-
rameter which captures the size effect. Similarly, MSGT consists of three additional length scale
parameters to incorporate the size effect. Lam et al [77] proposed the higher order bending rigidity
(bh) as given by
b2h = 6(1− 2ν)l20 +
2
5
(4− ν)l21 + 3(1− ν)l22 (4.17)
where, l0, l1, l2 are the length scale parameters and ν is the Poisson’s ratio. Additionally, Lam et al
also experimentally determined the higher-order bending rigidity to be bh = 0.24 µm for ν = 0.38.
The length scale parameter l corresponding to MCST can be determined by putting l0 = l1 = 0 and
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l2 = l in Eqn. (4.17) to obtain the relation
l =
√
b2h
3(1− ν) . (4.18)
Based on Eqn. (4.18), the value of length scale parameter is l = 17.6 µm [99, 106]. For determining
the length scale parameters corresponding to MSGT, we use the assumption that l0 = ll = l2 = ls
[106]. Now, using the length scale parameters in Eqn. (4.17), we get
l0 = l1 = l2 = ls =
√
b2h
10.6− 15.4ν . (4.19)
It gives the length scale parameter as ls = 11.01 µm. Henceforth, we use these length scale param-
eters in our analysis.
4.3 Implementation of boundary conditions
For vibrational analysis of beams, there are two boundary conditions at the end X = 0 or i = 1
and another two at the other end X = 1 or i = N . As discussed earlier, we use the δ technique
proposed by Bert et al. [79] and Jang et al. [97] for the clamped-free boundary conditions. This
technique is simple and eliminates the difficulty of implementing two boundary conditions at one
grid point. It applied one condition at each end at the boundary and the other at δ distance away.
In other words, one boundary condition is applied at X = 0 and X = δ and the other condition
at X = 1 − δ and X = 1. However, proper selection of δ is vital to ensure correct results [79]. In
the δ technique, the boundary conditions are not correctly approximated as the conditions are not
implemented exactly at the boundaries but at grid points adjacent to it. However, this technique
works well for clamped-free end conditions but not for others. To do the vibrational analysis for
beams with CC and SS end conditions we use another approach devised by Shu and Du [85] referred
as SBCGE. The central idea of this technique is to implement all the four boundary conditions at
the boundaries and not on adjacent grids. As a result, this technique is more accurate and works for
all types of boundary conditions. In this technique, the boundary conditions are directly substituted
into the governing equations. We use this technique for CC and SS beams.
4.3.1 Clamped-free beams
For cantilever beams with clamped-free end conditions, the boundary conditions given by Eqn. (4.14)
are reduced to
w(0) = w1(0) = 0,Kw5(L)− Sw3(L) = 0, Sw2(L)−Kw4(L) = 0. (4.20)
The equivalent formulation in DQM at the clamped end i = 1 or x = 0 is
w1 = 0,
N∑
j=1
C11jwj = 0 (4.21)
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and that at the free end i = N or X = 1 is
K
N∑
j=1
C5Njwj − S
N∑
j=1
C3Njwj = 0, S
N∑
j=1
C2Njwj −K
N∑
j=1
C4Njwj = 0. (4.22)
Using the governing equation at the inner domain points and the boundary conditions at the end
points, we write the equation in the matrix form as
[K][x] = ω2[M ][x] (4.23)
where, [K] matrix is composed of
.
A similar analogy also holds for [M ] matrix. Here, [x] = [xb xd]
T , where, the subscripts
xb = [X1 X2 XN−1 XN ] and xd = [X3 X4 . . . Xn−2] represent boundary grid points and domain
grid points, respectively. Re-writing Eqn. (4.23) in terms of boundary and domain points, we get[
Kbb Kbd
Kdb Kdd
][
xb
xd
]
= ω2
[
Mbb Mbd
Mdb Mdd
][
xb
xd
]
. (4.24)
For the boundary conditions, [Mbb] = [Mbd] = [Mdb] = [0]. Re-arranging Eqn. (4.24) in the form of
an eigen value problem, we get the final form of the equation as
[M−1dd
(
Kdd −KdbK−1bb Kbd
)
][xd] = ω
2[xd]. (4.25)
Equation (4.25) is then solved to obtain the natural frequencies ω.
4.3.2 Clamped-Clamped and simply supported beams
For CC and SS beams, the boundary conditions from Eqn. (4.14) are reduced to
w(0) = wn(0) = 0, w(L) = wn(L) = 0, (4.26)
where, n = 1 corresponds to CC and n = 2 corresponds to SS beams. The equivalent formulation
in DQM at the two clamped ends i = 1 or X = 0 is
w1 = 0,
N∑
j=1
Cn1jwj = 0 (4.27)
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and that at the other clamped end i = N or X = 1 is
wN = 0,
N∑
j=1
CnNjwj = 0. (4.28)
These four boundary conditions cannot be applied at the two boundaries in the domain. Therefore,
we apply the Dirichlet conditions at the ends. The derivative conditions are discretized using the
DQ method. The discretized equations are then combined to determine w2 and wN−1 which are
back substituted into the governing equations applied to the interior (or domain) points. We follow
the approach as given in Ref [85] and write the derivative boundary conditions for CC and SS beams
in terms of w2 and wN−1 as
w2 =
1
AXN
N−2∑
j=3
AXK1wj ,
wN−1 =
1
AXN
N−2∑
j=3
AXKNwj , (4.29)
where,
AXK1 = C
n
1,jC
n
N,N−1 − Cn1,N−1CnN,j
AXKN = C
n
1,2C
n
N,k − Cn1,jCnN,2
AXN = CnN,2C
n
1,N−1 − Cn1,2CnN,N−1 (4.30)
where n = 1 corresponds to CC case and n = 2 corresponds to SS case. Now, we substitute
Eqn. (4.29) along with the Dirichlet boundary conditions of Eqn. (4.27) and (4.28) into the governing
Eqn. (4.16) to obtain
S
(
C4i,2w2 +
N−2∑
j=3
C4i,jwj + C
4
i,N−1wN−1
)
−
K
(
C6i,2w2 +
N−2∑
j=3
C6i,jwj + C
6
i,N−1wn−1
)
− ρAω2wi = 0 (4.31)
After substituting Eqn. (4.29) into Eqn. (4.31), the governing equation is written in the form of
Eqn. (4.23) corresponding to N − 4 grid points. The resulting equation reduces to an eigen value
problem and is solved using available techniques.
4.4 Results and discussion
To do comparative study based on different theory, we take the beam dimensions and properties
used in this paper as tabulated in Table 4.1. The natural frequencies for beams with different end
conditions are obtained by solving the corresponding equations using the method as described in
the previous sections. In order to present the robustness of DQM to solve vibrational problems,
we first obtain the fundamental frequencies of beams with different end conditions corresponding
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Table 4.1: The dimensions and the material properties used for the analysis.
Property Values
Thickness 20 µm
Width 40 µm
Length 400 µm
E 1.44 GPa
µ 0.5E(1+ν)
ρ 1000 kgm−3
Table 4.2: The first three non-dimensional frequencies for different types of beams. For simply
supported and clamped-clamped beams, the SBCGE is used and for clamped-free beams, the δ
technique is employed to determine the frequencies.
Ω1 Ω2 Ω3
simply supported
Reference [85] 9.8696 39.4784 88.8264
Present 9.8689 39.4657 88.7957
clamped-clamped
Reference [85] 22.3733 61.6728 120.9034
Present 22.3733 61.6726 120.9028
clamped-free
Reference [68] 3.5160 22.0345 61.6972
Present 3.5199 22.0589 61.7657
to the classical theory by setting l0 = l1 = l2 = 0 in our analysis. The non-dimensional frequency
Ω obtained using the present method are then compared with results available in open literature.
Table 4.2 presents the first three frequencies for different beams. We see that the results obtained
using the present analysis agrees well with those available in literature. It is repeated here that
the δ technique is used for beams with clamped-free end conditions while the SBCGE method is
employed for analysis of other types of beams. It is to be noted that the SBCGE is a more correct
method as it ensures that the boundary conditions are incorporated exactly at the boundaries, as a
result this method always gives accurate results. The δ technique employs two boundary conditions
at the boundary, and other two at δ distance away from the boundary. As a result although simpler,
the δ technique does not give accurate results for all boundary conditions except clamped-free. For
clamped-free end conditions, δ technique produces accurate results and is simpler in implementation.
Additionally, we also compare our results pertaining to the MCST. The present analysis can be
reduced to that of MCST by setting the parameters l0 = l1 = 0. For the MCST, we compare our
results of cantilever beams with that of Bekir and Omer [100] who used the RayleighRitz solution
method to obtain the natural frequency for different material length scale parameters in Table 4.3.
We see that our implementation is accurate and robust to handle beams with different types of end
conditions for different theories. After validating our approach, we present the frequencies obtained
using the MSGT.
Figures 4.1, 4.2 and 4.3 present the first three natural frequencies of microbeams with fixed-fixed,
simply supported and fixed-free boundary conditions, respectively. For MCST ls = 17.6µm and for
MSGT ls = 11.01µm are used with ρ = 1200 kgm
−3 and ν = 0.38. We see that the continuum
theory underestimates the frequencies as it does not consider the size-dependent effects. When the
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Figure 4.1: The first three natural frequencies of microbeams with fixed-fixed end conditions based
on the continuum theory, the modified coupled stress theory (l = 17.6µm) and the modified strain
gradient theory (ls = 11.01µm).
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Figure 4.2: The first three natural frequencies of microbeams with simply supported end conditions
on both ends based on the continuum theory, the modified coupled stress theory (l = 17.6µm) and
the modified strain gradient theory (ls = 11.01µm).
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Figure 4.3: The first three natural frequencies of microbeams with fixed-free end conditions based
on the continuum theory, the modified coupled stress theory (l = 17.6µm) and the modified strain
gradient theory (ls = 11.01µm).
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Table 4.3: Comparison of first three frequencies for different material length scale parameters with
the available results in literature.
l=0.5h l=h
Ω1 Ω2 Ω3 Ω1 Ω2 Ω3
Reference [100] 5.160 32.338 90.547 8.332 52.215 146.203
Present Method (DQM) 5.178 32.447 90.855 8.359 52.392 146.699
size effects are incorporated in the formulation, frequencies increase for all modes. It can be seen
that the frequencies obtained by the MSGT is larger than that obtained using the MCST. It can also
be noticed that when thickness of the beam is comparable to that of the length scale parameter, the
difference in the frequencies obtained by the three theories is larger. As the thickness of the beam
increases, the difference in frequencies continues to diminish. This is true irrespective of the end
conditions and the modes of actuation. As a result, in order to obtain accurate results in MEMS
and NEMS applications where the thickness of beams are usually of the order of few microns, it is
very important to consider the size effects. Neglecting the size-effects undermines the frequencies as
can be seen in Figs. 4.1-4.3.
4.5 Conclusions
In this paper, we have studied the dynamic characteristics of micro beams using the modified strain
gradient elasticity theory. Additionally, we have also presented the behavior of beams employing the
modified coupled stress theory. Beams with different end conditions like fixed-fixed, simply supported
and fixed-free boundary conditions are analyzed. We have used the differential quadrature method
which is fast accurate and robust method for studying the vibrational problems. It is found that
the frequencies for all types of beams predicted by the modified strain gradient elasticity theory
is larger than that predicted by the modified coupled stress theory which is in turn larger than
the classical theory. However, as the thickness of the beam increases, the difference in frequencies
obtained using the three methods continues to diminish. As a result, for application in micro/nano
mechanics where size effects are appreciable, our analysis is vital to obtain correct frequencies for
beams with different end conditions.
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Chapter 5
Conclusions and future scope
The motive of the research presented in this thesis is to present the implementation of non-uniform
beams for use as mechanical element in MEMS and NEMS devices and to study its effectiveness.
At the same time, focus was laid to develop an analytical model for different aspects. In order to
fulfill the aim of the thesis, following conclusions are drawn.
• In chapter 2, the nonlinear governing equation for a non-uniform beam is derived using Hamil-
ton’s principle. Henceforth, exact mode shapes is derived by transforming the beam equation
for non-uniform beam to that of uniform beams. Subsequently, frequency equations is derived
for different beams and are solved using Newton Ralphson to obtain the modal frequencies.
At the same time, fundamental frequency under finite DC bias is obtained using Gelarkin’s
method and electrostatic softening is observed. It is also observed that the tuning could be
done for a large frequency when non-uniform beams were used. Pull-in voltage is obtained
using the dynamic equations and the variation of pull-in voltage with the non-uniformity pa-
rameter α is presented. It is concluded that employing non-uniform cantilever beams, specially
converging beams with quartic variation in width corresponding to α = −0.6 can exhibit im-
proved performance both in terms of increased pull-in voltage as well as larger frequency tuning
as compared to that of uniform beams.
• In chapter 3, the application of non-uniform beams in mass sensing is presented. The governing
equation, mode shape and the boundary conditions obtained in Chapter 2 is modified to include
the added tip mass effect. It is found that mass sensitivity increases significantly when non-
uniform beams is used. At the same time, nonlinear dynamic study is also carried out to obtain
the nonlinear frequency response of different types of non-uniform beams with tip mass. The
method of multiple scales is used to obtain the modulation equations to plot the nonlinear
frequency response. The influence of non-uniformity parameter α as well as tip mass µ on
both linear frequencies as well as nonlinear frequency response is presented. It is found that
the nondimensional sensitivity increases by a maximum factor of six when converging beams
with quartic variation in width is employed. All converging beams have better sensitivity as
compared to both uniform beams as well as diverging beams in which case sensitivity reduces
drastically. It is also found that the nondimensional sensitivity further increases five folds
when the beam is operated in its 5th mode. The analysis presented in Chapter 3, can prove
to open a new dimension for fabricating high sensitivity mass sensors.
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• In chapter 4, the effect of size related effects which becomes evident in low dimensional beams is
analyzed. The conventional continuum theory (or local theory) fails to capture any size-effects
as a result alternate non-local theories are used. The modified strain gradient elasticity theory
(MSGT) which is a 6th order partial differential equation governing the equation of motion of
beams is used to study the effect of size-effects on these beams. It is found that the dynamic
characteristics specially the modal frequencies increases significantly when the size-effects are
considered. Modal frequencies of beams with fixed-free, fixed-fixed and simply supported end
conditions are plotted as a function of beam thickness. It is found that when the thickness
of the beam is of the order of the material length scale parameter, significant changes occurs
in the frequencies as compared to local theories. As the thickness increases, the difference in
frequencies due to size-effects continues to diminish.
To sum up, the analytical model developed in this thesis can be used for designing and fabrication
of MEMS devices with high performance. Additionally, use of non-uniform beams in MEMS based
energy harvesters, array based sensors etc. can be explored in future.
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Appendix A
Variation of kinetic and strain potential energy
The kinetic energy KE is given by
KE =
1
2
∫ l
0
ρA(x){u˙2 + w˙2}dx.
Taking the variation of KE, we get
δKE = KE(u˙+ δu˙, w˙ + δw˙)−KE(u˙, w˙),
where,
KE(u˙+ δu˙, w˙ + δw˙) = KE(u˙, w˙) +
∂KE
∂u˙
δu˙+
∂KE
∂v˙
δw˙.
and, ∂KE∂u˙ =
∫ l
0
ρA(x)u˙dx and ∂KE∂w˙ =
∫ l
0
ρA(x)w˙dx.
Integrating δKE from t1 to t2 and then simplifying the expression, we get∫ t2
t1
δKE = −
∫ t2
t1
∫ l
0
ρA(x)u¨δudx−
∫ t2
t1
∫ l
0
ρA(x)w¨δwdx.
To find the variation of strain potential energy, the bending strain energy Us can be written as
Us =
1
2
∫ l
0
EI(x)k2dx,
using k from Eqn. (2.2), Us becomes
Us =
1
2
∫ l
0
EI(x)
((
1 +
∂u
∂x
)∂2w
∂x2
)2
+
(
∂2u
∂x2
∂w
∂x
)2
− 2
(
1 +
∂u
∂x
)
∂2w
∂x2
∂2u
∂x2
∂w
∂x
}dx.
Taking the variation of Us, we get
δUs = Us(u
′
+ δu
′
, w
′
+ δw
′
, u
′′
+ δu
′′
, w
′′
+ δw
′′
)− Us(u′ , w′ , u′′ , w′′),
where,
Us(u
′
+ δu
′
, w
′
+ δw
′
, u
′′
+ δu
′′
, w
′′
+ δw
′′
) = Us(u
′
, w
′
, u
′′
, w
′′
) +
∂Us
∂u′
δu
′
+
∂Us
∂w′
δw
′
+
∂Us
∂u′′
δu
′′
+
∂Us
∂w′′
δw
′′
and,
∂Us
∂u′
=
∫ l
0
EI(x)
((
1 +
∂u
∂x
)∂2w
∂x2
∂2w
∂x2
− ∂
2w
∂x2
∂2u
∂x2
∂w
∂x
)
dx,
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∂Us
∂w′
=
∫ l
0
EI(x)
(
∂2u
∂x2
∂w
∂x
∂2u
∂x2
−
(
1 +
∂u
∂x
)∂2w
∂x2
∂2u
∂x2
)
dx,
∂Us
∂u′′
=
∫ l
0
EI(x)
(
∂2u
∂x2
∂w
∂x
∂w
∂x
−
(
1 +
∂u
∂x
)∂2w
∂x2
∂w
∂x
)
dx,
∂Us
∂w′′
=
∫ l
0
EI(x)
((
1 +
∂u
∂x
)∂2w
∂x2
(
1 +
∂u
∂x
)
−
(
1 +
∂u
∂x
)∂2u
∂x2
∂w
∂x
)
dx.
Integrating δUs from t1 to t2 and then simplifying it, we get
t2∫
t1
−δUs =
∫ t2
t1
∫ l
0
(
EI(x)
(
1 +
∂u
∂x
)(∂2w
∂x2
)2)′
δudx−
∫ t2
t1
∫ l
0
(
EI(x)
∂2w
∂x2
∂2u
∂x2
∂w
∂x
)′
δudx
+
∫ t2
t1
∫ l
0
(
EI(x)
(∂2u
∂x2
)2 ∂w
∂x
)′
δwdx−
∫ t2
t1
∫ l
0
(
EI(x)
(
1 +
∂u
∂x
)∂2w
∂x2
∂2u
∂x2
)′
δwdx
−
∫ t2
t1
∫ l
0
(
EI(x)
∂2u
∂x2
(∂w
∂x
)2)′′
δudx+
∫ t2
t1
∫ l
0
(
EI(x)
(
1 +
∂u
∂x
)∂2w
∂x2
∂w
∂x
)′′
δudx
−
∫ t2
t1
∫ l
0
(
EI(x)
(
1 +
∂u
∂x
)2 ∂2w
∂x2
)′′
δwdx+
∫ t2
t1
∫ l
0
(
EI(x)
(
1 +
∂u
∂x
)∂2u
∂x2
)
∂w
∂x
)′′
δwdx
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Appendix B
Coefficient of the nonlinear governing equation
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Table 1: Values of coefficients in modal dynamic equation given by Eqn. (3.9) for beams with
varying mass ratio.
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